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1 Introduction
In spite of its Lorentz noncovariance, the light-cone formalism [1] offers conceptual and
technical simplifications of approaches to various problems of modern quantum field
theory. For example, one can mention the construction of light-cone string field theory
[2]-[5] and superfield formulation for some versions of supersymmetric theories [6–9].
Sometimes, a theory formulated within this formalism turns out to be a good starting
point for deriving a Lorentz covariant formulation [10, 11]. Another attractive application
of the light-cone formalism is a construction of interaction vertices in the theory of higher
spin massless fields [12]-[16]. Some interesting applications of light-cone formalism to
field theory like QCD are reviewed in [17]. Discussion of super p-branes and string bit
models in the light-cone gauge is given in [18, 19] and [20] respectively.
Until now the light-cone formalism was explored in Minkowski space-time (for a
review see [10]). The major goal of this paper is to develop light-cone form of field
dynamics in anti-de Sitter space time. A long term motivation comes from a number of
the following potentially important applications.
One important application is to type IIB superstring in AdS5 × S5 background.
Motivated by conjectured duality between the string theory and N = 4, d = 4 SYM
theory [21]-[23] the Green-Schwarz formulation of this string theory was suggested in
[24] (for further developments see [25]-[30]). Despite considerable efforts these strings
have not yet been quantized (some related interesting discussions are in [31]-[33]). As is
well known, quantization of GS superstrings propagating in flat space is straightforward
only in the light-cone gauge. It is the light-cone gauge that removes unphysical degrees
of freedom explicitly and reduces the action to quadratical form in string coordinates.
The light-cone gauge in string theory implies the corresponding light-cone formulation
for target space fields. In the case of strings in AdS background this suggests that we
should first study a light-cone form dynamics of target space fields propagating in AdS
space-time. Understanding a light-cone description of AdS target space fields might help
to solve problems of strings in AdS space-time.
The second application is to a theory of higher massless spin fields propagating in
AdS space-time. Some time ago completely self-consistent interacting equations of mo-
tion for higher massless fields of all spins in four-dimensional AdS space-time have been
discovered [34]. For generalization to higher space-time dimensions see [35]. Despite
efforts the action that leads to these equations of motion has not yet been obtained.
In order to quantize these theories and investigate their ultraviolet behavior it would
be important find an appropriate action. Since the higher massless spin theories corre-
spond quantum mechanically to non-local point particles in a space of certain auxiliary
variables, it is conjectured that they may be ultraviolet finite (see [36],[37]). We believe
that a light-cone formulation is what is required to understand these theories better.
The situation here may be analogous to that in string theory; a covariant formulation of
closed string field theories is non-polynomial and is not useful for practical calculations,
while the light-cone formulation restricts the string action to cubic order in string fields.
Keeping in mind these extremely important applications, in this paper we develop
and apply the light-cone formalism to the study of AdS/CFT correspondence at the
level state/operators matching. As is well known in the case of the massless fields,
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investigation of AdS/CFT correspondence requires analysis of some subtleties related
to the fact that transformations of bulk massless fields are defined up to local gauge
transformations. These complications are absent in the light-cone formulation because
here we only deal with physical fields and this allows us to demonstrate AdS/CFT
correspondence in a rather straightforward way.
In this paper we will focus on the light-cone formalism for integer (bosonic) arbitrary
spin massless fields that can be formulated in any dimension. There is a number of
reasons for this. First, the massless case is the simplest one to demonstrate all essential
new features of light-cone formalism in AdS space-time. Second, higher spin massless
field theory is an interesting and important subject which itself should be studied in
detail. We develop also light-cone formulation for massive fields but in this case we
do not discuss the AdS/CFT correspondence. Since the method we use is algebraic in
nature, an extension of our results to the case of half integer spin fields (fermions) is
straightforward and will be done elsewhere. A generalization to the case supersymmetric
theories is relatively straightforward and will be studied in future.
The paper is organized as follows. In section 2 we describe various forms of the
so(d− 1, 2) algebra and explain our notation.
In section 3 we develop light-cone formulation by using field theoretic approach.
First we discuss the simplest case of spin one Maxwell field. Next we generalize our
discussion to the case of totally symmetric and antisymmetric fields. We find an explicit
representation for generators of anti-de Sitter algebra acting as differential operators on
fields of arbitrary spin.
Based on these results in section 4 we establish defining equations for the AdS al-
gebra generators for arbitrary symmetry type fields. We demonstrate that a field in d
dimensional AdS space-time can be considered as a massive particle in (d− 1) flat space
time with a continuous mass spectrum. We explicitly match the AdS algebra generators
acting on bulk fields with conformal algebra generators acting on fields with continuous
mass spectrum. This interrelation is behind AdS/CFT correspondence but it also sug-
gests an idea of how massless higher spin fields in AdS space time and string theory at
the boundary could be related. We shall briefly comment on this point.
In section 5 we use group theoretic approach to solve the defining equations. In
this section we develop light-cone form of AdS generators for both massless and massive
fields. We establish close correspondence between field theoretic and group theoretic
approaches.
For comparison of boundary values of bulk light-cone fields with operators of bound-
ary conformal theory we need to develop a light-cone formulation of conformal theories
too. To our knowledge this formulation was not previously given in the literature. In
section 6 we present light-cone formulation of conformal field theory for the case of arbi-
trary spin totally symmetric operators. We consider operators with canonical dimension
as well as their conformal partners (which are sometimes referred to as shadow operators
or sources). We investigate correspondence between solutions of equations of motion for
totally symmetric bulk fields and operators of boundary conformal theory. We demon-
strate that normalizable modes of bulk field are related to conformal operators while
non-normalizable modes are related to conformal partners of these conformal operator.
Section 7 summarizes our conclusions and suggests directions for future research.
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Appendices contain some mathematical details and useful formulae.
2 Various forms of so(d− 1, 2) algebra and notation
First let us discuss the forms of AdS algebra, that is so(d − 1, 2), we are going to use.
AdS algebra of d dimensional AdS space-time consists of translation generators PˆA and
rotation generators JˆAB which span so(d − 1, 1) Lorentz algebra. The commutation
relations of AdS algebra are
[PˆA, PˆB] = λ2JˆAB , [JˆAB, JˆCE] = ηBC JˆAE + 3 terms ,
[PˆA, JˆBC ] = ηABPˆC − ηACPˆB ,
ηAB = (−,+ . . . ,+) , A, B, C,E = 0, 1, . . . , d− 1 .
The λ is a cosmological constant of AdS space-time. Throughout this paper we use
antihermitean form of generators: G† = −G. As λ → 0 the AdS algebra becomes the
Poincare´ algebra
lim
λ→0
PˆA = PAPoin , lim
λ→0
JˆAB = JABPoin .
This form algebra is not convenient for our purposes. We prefer to use the form provided
by nomenclature of conformal algebra. Namely we introduce new basis
P a ≡ Pˆ a + λJˆd−2a new translation generators ,
Ka ≡ 1
2
(− 1
λ2
Pˆ a + 1
λ
Jˆd−2a) conformal boost generators ,
D ≡ − 1
λ
Pˆ d−2 dilatation generator ,
Jab ≡ Jˆab generators of so(d− 2, 1) algebra .
(2.1)
Flat space limit in this notation is given by
lim
λ→0
P a = P aPoin , lim
λ→0
(−λD) = P d−2Poin , lim
λ→0
(
1
2λ
P a + λKa) = Jd−2aPoin . (2.2)
In the conformal algebra basis one has the following well known commutation relations
[D,P a] = −P a , [D,Ka] = Ka , [P a, P b] = 0 , [Ka, Kb] = 0 , (2.3)
[P a, J bc] = ηabP c − ηacP b , [Ka, J bc] = ηabKc − ηacKb , (2.4)
[P a, Kb] = ηabD − Jab , [Jab, Jce] = ηbcJae + 3 terms , (2.5)
ηab = (−,+, . . .+) , a, b, c, e = 0, 1, . . . , d− 3, d− 1 . (2.6)
In this form the AdS algebra is known as the algebra of conformal transformations in (d−
1)-dimensional Minkowski space-time. In sections 3-5 we shall be interested in realization
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of this algebra as the one of transformations of massless bulk fields propagating in d-
dimensional AdS space-time while in section 6 we shall realize this algebra as the algebra
of conformal transformations on appropriate operators.
Throughout this paper we shall use Poincare´ parametrization of AdS space-time in
which
ds2 =
1
z2
(−dt2 + dx2i + dz2 + dx2d−1) , z > 0 .
Here and below we set cosmological constant λ equal to unity. The boundary at spatial
infinity corresponds to z = 0. 1 The Killing vectors in these coordinates are given by2
ξP
a,µ = ηaµ , ξK
a,µ = −1
2
x2νη
aµ + xaxµ , ξD,µ = xµ , ξJ
ab,µ = xaηbµ − xbηaµ , (2.7)
while the corresponding generators are defined as G = ξG,µ∂µ. To develop light-cone
formulation we introduce light-cone variables x± , xI where we use the convention
x± ≡ 1√
2
(xd−1 ± x0) , xI = xi, z; x0 ≡ t, xd−2 ≡ z ,
I, J,K, L = 1, . . . , d− 2 , i, j, k, l = 1, . . . , d− 3 .
In this notation scalar product of tangent space vectors is decomposed as
XAY A = X+Y − +X−Y + +XIY I , XIY I = X iY i +XzY z ,
i.e. we use the convention Xd−2 = Xz. The coordinate x+ is considered as an evolution
parameter. Here and below to simplify our expressions we will drop the metric tensors
ηAB, ηab in scalar products.
Because we are going to describe the fields in the light-cone gauge let us discuss
light-cone form of the above algebra. In light-cone formalism the AdS algebra splits into
generators
P+, P i, J+i, K+, Ki, D, J+−, J ij , (2.8)
which we refer to as kinematical generators and
P−, J−i , K− , (2.9)
which we refer to as dynamical generators. For x+ = 0 the kinematical generators are
realised quadratically in physical fields while the dynamical generators receive corrections
in interaction theory. In this paper we deal with free fields. The light-cone form of AdS
algebra can be obtained from (2.3)-(2.5) with the light-cone metric having the following
non vanishing elements η+− = η−+ = 1, ηij = δij.
1Poincare´ coordinates cover half of AdS space-time. Because we are interested in infinitesimal trans-
formation laws of physical fields the global description of AdS space-time is not important for our
study.
2The target space indices µ, ν take the values 0, 1, . . . , d− 1.
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Instead of target space tensor fields we prefer to use tangent space tensor fields. To
pass to tangent space tensor fields we should introduce local frame. One convenient
choice is specified by the frame one-forms eA = eAµdx
µ with
eAµ =
1
z
δAµ .
The connection one-forms, defined by deA + ωAB ∧ eB = 0, are then given by
ωABµ =
1
z
(δAz δ
B
µ − δBz δAµ ) .
Tangent space tensor fields are defined in terms of the target space ones as
ΦA1...As ≡ eA1µ1 . . . eAsµsAµ1...µs . (2.10)
To simplify our expressions we introduce creation and annihilation operators αA, α¯A and
construct Fock space vector
|Φ〉 = ΦA1...AsαA1 . . . αAs|0〉 , α¯A|0〉 = 0 . (2.11)
To describe totally antisymmetric fields we use anticommuting oscillators3
{α¯A, αB} = ηAB , {αA, αB} = 0 , {α¯A, α¯B} = 0 , (2.12)
while for description of totally symmetric fields we use commuting oscillators
[α¯A, αB] = ηAB , [αA, αB] = 0 , [α¯A, α¯B] = 0 . (2.13)
The Lorentz covariant derivative for |Φ〉 takes the form
Dµ ≡ ∂µ + 1
2
ωABµ M
AB , MAB = αAα¯B − αBα¯A . (2.14)
where MAB is spin operator of Lorentz algebra so(d − 1, 1). In the sequel we often use
the notation
αD ≡ αADA , α∂ˆ ≡ αA∂ˆA , DA ≡ eµADµ , ∂ˆA ≡ eµA∂µ , ∂ˆ2 ≡ ∂ˆA∂ˆA .
(2.15)
Also, we adopt the following conventions for derivatives ∂+ = ∂−, ∂
− = ∂+, ∂
I = ∂I ,
where ∂± ≡ ∂/∂x±, ∂I ≡ ∂/∂xI .
3 Light-cone formulation of field dynamics in AdS
space-time. Field theoretical approach
In this section we shall develop light-cone formulation of field dynamics in AdS space-time
by applying field theoretic approach. The basic strategy, which is well known, consists
3Throughout this paper we use a convention {x, y} = xy + yx.
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of the following steps. First we start with gauge invariant equations of motion for free
fields in AdS background. We shall impose light-cone gauge, solve the constraints, and
derive equations of motion for physical degrees of freedom. Next we shall use the original
global AdS group transformations of gauge fields supplemented by compensating gauge
transformation to maintain the gauge. From these we shall get realization of AdS algebra
on the space of physical degrees of freedom.
3.1 Maxwell field. Light-cone form of equations of motion
As a warm up let us consider spin one Maxwell field. Instead of Aµ with the equations
of motion DµF
µν = 0 we introduce tangent space field ΦA defined by (2.10) and use the
following form for equations of motion in tangent space
DBF
BA = 0 , FAB = DAΦB −DBΦA , (3.1)
where FAB is the field strength in the tangent space while DA is covariant derivative
DAΦB = ∂ˆAΦB + ωABCΦC .
In Poincare´ coordinates one has
DAΦB = ∂ˆAΦB + δ
z
BΦA − ηABΦz
and field strength takes the form
FAB = ∂ˆAΦB − ∂ˆBΦA + δzBΦA − δzAΦB .
The equations (3.1) can be cast into the form
∂ˆBF
BA + (2− d)F zA = 0
and one has then the following second order equations of motion for the gauge field ΦA
(∂ˆ2+(1− d)∂ˆz+ d− 2)ΦA− ∂ˆA(∂ˆΦ)+ (d− 3)∂ˆAΦz+(2− d)δAz Φz +2δAz (∂ˆΦ) = 0 , (3.2)
where ∂ˆΦ ≡ ∂ˆAΦA. Since these equations are invariant with respect to the gauge trans-
formation δΦA = ∂ˆAΛ we can impose the light-cone gauge
Φ+ = 0 . (3.3)
Inserting this into equations (3.2) we get the following constraint4
∂ˆAΦA = (d− 3)Φz . (3.4)
4Recall that in the Minkowski space-time the Maxwell equations in gauge Φ+ = 0 lead to the
Lorentz constraint ∂AΦA = 0. This is not the case in AdS space-time. Here, by virtue of the relation
DAΦ
A = ∂ˆΦ+(1− d)Φz, the constraint (3.4) does not coincide with the Lorentz constraint DAΦA = 0.
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From (3.4) we express the Φ− in terms of the physical field5
Φ− = − ∂
I
∂+
ΦI +
d− 3
∂ˆ+
Φz . (3.5)
Note that the second term in r.h.s. of equation (3.5) is absent in flat space. It is this
term that breaks so(d− 2) manifest invariance and reduce it to so(d− 3) one. By virtue
of the constraint (3.4) the equations of motion (3.2) take the form
(∂ˆ2 + (1− d)∂ˆz + d− 2)ΦA + (d− 4)δAz Φz = 0 .
From this we get the following equations for the physical fields Φi, Φz:
(∂ˆ2 + (1− d)∂ˆz + d− 2)Φi = 0 , (∂ˆ2 + (1− d)∂ˆz + 2d− 6)Φz = 0 .
Since this form of equations of motion is not convenient we introduce new physical field
φI defined by6
ΦI = z(d−2)/2φI . (3.6)
In terms of φI the equations of motion take the form
(∂2 − 1
4z2
(d− 2)(d− 4))φi = 0 , (3.7)
(∂2 − 1
4z2
(d− 4)(d− 6))φz = 0 . (3.8)
Dividing by ∂+ these equations can be rewritten in the Schro¨dinger form
∂−φI = P−φI ,
where the action of P− on physical fields is defined by
P−φi =
(
− ∂
2
I
2∂+
+
(d− 2)(d− 4)
8z2∂+
)
φi , (3.9)
P−φz =
(
− ∂
2
I
2∂+
+
(d− 4)(d− 6)
8z2∂+
)
φz . (3.10)
From equations of motion (3.7), (3.8) we see that in d = 4 the mass like terms cancel.
This fact reflects the conformal invariance of spin one field in four dimensional AdS
space-time. Gauge invariant action for spin one Maxwell field
S = −1
4
∫
ddx
√
gF 2AB
takes the following form in terms of physical field φI
Sl.c. =
∫
ddx∂+φI(−∂− + P−)φI . (3.11)
5Here as well as while obtaining the constraint (3.4) we assume, as usual in light-cone formalism,
that the operator ∂+ has trivial kernel.
6Note that it is the field φI that has conventional canonical dimension ∆0 = (d− 2)/2.
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3.2 Light-cone form of transformations for spin one physical
degrees of freedom
Now let us consider transformation laws of physical field φI . Toward this end we start,
as usual, with original global AdS symmetries, supplemented by compensating gauge
transformation required to maintain the gauge
δtotA
µ = LξAµ + ∂µΛ , (3.12)
where ξµ are the AdS target space Killing vectors and L is the Lie derivative given by
LξAµ = ξν∂νAµ −Aν∂νξµ .
In terms of tangent space field ΦA (2.10) and tangent space Killing vectors7
ηA ≡ eAµ ξµ (3.13)
the transformations (3.12) take the form
δtotΦ
A = LηΦA + ∂ˆAΛ , (3.14)
where Lη is given by
LηΦA = ηBDBΦA − ΦBDBηA .
In Poincare´ coordinates we use one has the representation
LηΦA = (η∂ˆ)ΦA + 1
2
(∂ˆAηB − ∂ˆBηA)ΦB + 1
2
δAz (Φη)−
1
2
ηAΦz ,
where η∂ˆ ≡ ηA∂ˆA, ηΦ ≡ ηAΦA. As usual, the gauge parameter Λ can be found from
the requirement that the complete transformations (3.14) maintain the gauge (3.3), i.e.
from the following equation
δtotΦ
+ = 0 .
Solution to the equation for Λ is found to be
Λ = −∂
+ηI
∂+
ΦI .
Now plugging this Λ and Φ− given in (3.5) into δtotΦ
I we find transformation laws for
the physical field:
δtotΦ
I = (η∂ˆ)ΦI +
1
2
(∂ˆIηJ − ∂ˆJηI)ΦJ + 1
2
δIzη
JΦJ − 1
2
ηIΦz
+
1
∂+
(∂ˆ+ηI∂J − ∂ˆ+ηJ∂I)ΦJ + d− 2
2∂+
(δIz∂
+ηJ − δJz ∂+ηI)ΦJ
7We use the notation ξ+, ξ−, ξI and η+, η−, ηI to indicate the Killing vectors in target space and
tangent space respectively.
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− d− 4
2∂+
(δIz∂
+ηJ + δJz ∂
+ηI)ΦJ − 1
∂+
∂+ηzΦI ,
or in terms of φI (3.6) and ξµ (3.13)
δtotφ
I = (ξ∂)φI +
d− 2
2z
ξz +
1
2
(∂IξJ − ∂JξI)φJ + 1
∂+
(∂+ξI∂J − ∂+ξJ∂I)φJ
− d− 4
2z∂+
(δIz∂
+ξJ + δJz ∂
+ξI)φJ − 1
z∂+
∂+ξzφI .
Here and below we use the notation ξ∂ ≡ ξµ∂µ. To simplify our expressions we use
creation and annihilation operators αI , α¯I (2.13) and introduce Fock vector for the
physical field φI
|φ〉 ≡ φIαI |0〉 .
The transformation laws of the physical field can be then cast into the following form
δtot|φ〉 =
(
ξ∂+
d− 2
2z
ξz+
1
2
∂IξJM IJ +M IJ∂+ξI
∂J
∂+
− d− 4
2z∂+
∂+ξIRzI − ∂
+ξz
z∂+
)
|φ〉 (3.15)
where the spin operator MAB was defined by (2.14) while the operator RAB is given by
RAB ≡ αAα¯B + αBα¯A . (3.16)
The second and last two terms in r.h.s. of (3.15) are absent in Poincare´ algebra trans-
formation laws. It is these terms that break manifest so(d − 2) invariance to so(d − 3)
one. Note that the operators M IJ and RIJ form gl(d − 2) algebra which has so(d − 2)
subalgebra spanned by the spin operator M IJ . Appearance of RIJ is not desirable. For-
tunately, it turns out that the last two terms in r.h.s. of (3.15) can be expressed in terms
of square of M IJ . To avoid repetition we will demonstrate this explicitly when we shall
consider arbitrary spin s field whose particular case is the Maxwell spin one field.
3.3 Totally antisymmetric fields. Light-cone form of equa-
tions of motion
The next useful toy model is totally antisymmetric field Aµ1...µs. As before we prefer to
use tangent space field ΦA1...As defined by (2.10). Here from the very beginning we start
with the generating function (2.11) and use the anticommuting oscillators (2.12). An
appropriate generating function for the field strength is given by
|F 〉 = αD|Φ〉 ,
where the notation is given in (2.14), (2.15). The gauge transformation in terms of
generating function |Φ〉 take the form
δgt|Φ〉 = αD|Λ〉 . (3.17)
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The fact that |F 〉 is indeed invariant with respect of this transformation can be easily
seen from the relation (αD)2 = 0. In terms of |F 〉 the equations of motion take the form
α¯D|F 〉 = 0 . (3.18)
Making use of relations
αD = α∂ˆ − αzαα¯ , α¯D = α¯∂ˆ − dα¯z + α¯zαα¯ ,
we transform the equations of motion (3.18) to the following form
(α¯∂ˆ + (s+ 1− d)α¯z)(α∂ˆ − sαz)|Φ〉 = 0 . (3.19)
The invariance with respect to the gauge transformation (3.17) allows us to impose
light-cone gauge which in terms of generating function looks as
α¯+|Φ〉 = 0 . (3.20)
By applying α¯+ to the equations of motion and taking into account this gauge we get a
constraint which dividing by ∂ˆ+ can be cast into the form
(α¯∂ˆ + (s+ 2− d)α¯z)|Φ〉 = 0 .
Taking into account the gauge (3.20) we get from this the following constraint
(α¯−∂ˆ+ + α¯I ∂ˆI + (s+ 2− d)α¯z)|Φ〉 = 0 .
Solution to this constraint is given by
|Φ〉 =
(
1− ∂
I
∂+
α+α¯I +
d− s− 2
∂ˆ+
α+α¯z
)
|Φph〉 , (3.21)
where |Φph〉 is generating function of physical degrees of freedom, i.e. it depends only
on αI :
|Φph〉 = ΦI1...IsαI1 . . . αIs|0〉 .
Now by inserting (3.21) into equations of motion (3.19) we get the following equations
of motion for physical field |Φph〉
(z2∂2 + (2− d)z∂z + (d− 2s− 2)αzα¯z + s(d− s− 1))|Φph〉 = 0 . (3.22)
We wish to express oscillator part of these equitations in terms of spin operator M IJ
alone. By using the representation (2.14) we get
1
2
M2ij |Φph〉 = (s(s+ 3− d) + (d− 2s− 2)αzα¯z)|Φph〉 ,
M2IJ |Φph〉 = −2s(d− 2− s)|Φph〉 ,
11
where
M2ij ≡M ijM ij , M2IJ ≡M IJM IJ .
With the help of these relationships we can cast the equations of motion (3.22) into the
following form
(z2∂2 + (2− d)z∂z + 1
2
M2ij −M2IJ)|Φph〉 = 0 .
Note thatM2ij andM
2
IJ are nothing but the second order Casimir operator of the so(d−3)
and so(d − 2) algebras respectively. The fact that we can cast our equations into this
form we consider as one of interesting results of this work. In order to cancel z∂z term
we make the rescaling
|Φph〉 = z(d−2)/2|φ〉 (3.23)
and in such a way we get desirable light-cone form of equations of motion for physical
field
(
z2∂2 +
1
2
M2ij −M2IJ −
d(d− 2)
4
)
|φ〉 = 0 .
By rewriting this equation in the Schro¨dinger form
∂−|φ〉 = P−|φ〉 (3.24)
we can immediately get the hamiltonian
P− = − ∂
2
I
2∂+
+
1
2z2∂+
(
−1
2
M2ij +M
2
IJ +
d(d− 2)
4
)
. (3.25)
The action that leads to equations of motion (3.24) looks as
Sl.c. =
∫
ddx〈∂+φ|(−∂− + P−)|φ〉 . (3.26)
It is instructive to demonstrate how do the results of this section reproduce the ones
for the spin one Maxwell field. Spin one vector field φI , which transforms in vector
representation of so(d − 2) algebra, is decomposed into vector representation φi and
scalar representation φ of so(d − 3) algebra. For both these components the Casimir
operator of so(d− 2) algebra M2IJ takes the same values8
M2IJ |φ〉 = −2(d− 3)|φ〉 , |φ〉 = |φ1〉+ |φ0〉 , |φ1〉 = φiαi|0〉 , |φ0〉 = φαz|0〉
while the Casimir operator of so(d− 3) subalgebra M2ij gives
M2ij |φ1〉 = −2(d− 4)|φ1〉 , M2ij |φ0〉 = 0 .
Now it is straightforward to see that the formulas for spin one (3.9),(3.10) are indeed
reproduced.
8Here we use the fact that for totally antisymmetric spin s representation of so(N) algebra the
Casimir operator M2IJ takes the value M
2
IJ |φ〉 = −2s(N − s)|φ〉.
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3.4 Light-cone form of transformations of totally antisymmet-
ric field
Now we are studying transformation laws of physical degrees of freedom collected in |φ〉.
As in the case spin one field we start with original global AdS symmetries, supplemented
by compensating gauge transformation required to maintain the gauge. The original
global AdS transformations in terms of target space tensor field are given by
δisomA
µ1...µs = LξAµ1...µs , (3.27)
where the action of Lie derivative Lξ is given by
LξAµ1...µs = ξν∂νAµ1...µs −
s∑
k=1
Aµ1...µk−1νµk+1...µs∂νξ
µk .
In terms of generating function for the tangent space field |Φ〉 (2.11) and tangent space
Killing vectors ηA (3.13) these transformations take the form
δisom|Φ〉 = Lη|Φ〉 , Lη = ηADA + 1
2
DAηBMAB , (3.28)
In Poincare´ coordinates the Lie derivative takes the form
Lη = η∂ˆ + 1
2
∂ˆAηBMAB +
1
2
MzBηB . (3.29)
Now let us focus on the original AdS algebra transformations supplemented by compen-
sating gauge transformation
δtot|Φ〉 = Lη|Φ〉 + αD|Λ〉 . (3.30)
Our aim in is to get transformation laws for the physical field |φ〉 whose relationship to
the gauge field |Φ〉 is described by (3.21) (3.23). First we have to find appropriate |Λ〉.
To this end we cast the transformations (3.30) into the following form
δtot|Φ〉 = (η∂ˆ + 1
2
∂ˆAηBMAB +
1
2
MzBηB)|Φ〉+ (α∂ˆ − (s− 1)αz)|Λ〉 . (3.31)
Then from the relation
α¯+δtot|Φ〉 = 0 , (3.32)
which is amount to the requirement the complete transformations (3.30) maintain the
gauge (3.20) we find the equation
∂ˆ+ηI α¯I |Φ〉+ (∂ˆ+ + αzα¯+ − αDα¯+)|Λ〉 = 0 ,
which obviously has the following solution
|Λ〉 = −∂
+ηI
∂+
α¯I |Φ〉 . (3.33)
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Note that this solution is fixed by module the term αD|f〉. Because this term does
obviously not contribute to transformation of |Φ〉 we interested in we can ignore it.
Second let us note that in light-cone gauge the physical field |Φph〉 is a coefficient
(α+)0 in |Φ〉. Due to that in order to find contribution to δtot|Φph〉 it is sufficient to
analyse (α±)0 terms in (3.30). The light-cone gauge and the requirement (3.32) which
is already satisfied tell us that the terms proportional to α− are absent in both sides of
(3.30). Therefore we can restrict our attention to (α+)0 terms in (3.30). In this way we
get the following extremely useful formula for Lie derivative of physical field
Lη|Φph〉 = (η∂ˆ + 1
2
∂ˆIηJM IJ +
1
2
ηIMzI)|Φph〉 − ∂ˆ+ηIαI(α¯−|Φ〉)
∣∣∣
α+=0
, (3.34)
where equality α+ = 0 indicates that we consider only (α+)0 terms. The last term in
(3.34) can immediately be evaluated by using (3.21)
α¯−|Φ〉 = (− ∂
I
∂+
α¯I +
d− s− 2
∂ˆ+
α¯z)|Φph〉 . (3.35)
Thus transformation laws of physical field are given by
δtot|Φph〉 = Lη|Φph〉+ (αI ∂ˆI − (s− 1)αz)|Λ〉
∣∣∣
α+=0
. (3.36)
From (3.33) and (3.21) we get immediately
|Λ〉|α+=0 = −
∂+ηI
∂+
α¯I |Φph〉 .
Inserting this into (3.36) and taking into account (3.34),(3.35) we get the following
transformation laws for physical field
δtot|Φph〉 =
(
η∂ˆ +
1
2
∂ˆIηJM IJ +
1
2
ηIMzI +M IJ ∂ˆ+ηI
∂J
∂+
+
d− 2
2
MzI
∂+ηI
∂+
+
2s+ 2− d
2∂+
∂+ηIRzI − s∂
+ηz
∂+
)
|Φph〉 .
In terms of physical field |φ〉 (3.23) and target space Killing vectors ξµ (3.13) this trans-
forms to
δtot|φ〉 =
(
ξ∂ +
d− 2
2z
ξz +
1
2
∂IξJM IJ +M IJ∂+ξI
∂J
∂+
+
2s+ 2− d
2z∂+
∂+ξIRzI − s∂
+ξz
z∂+
)
|φ〉
(3.37)
Note that for spin one this expression reduces to the one in (3.15). As before one has term
proportional to RzI . Now let us demonstrate that this terms can be entirely expressed
in terms of the spin operator M IJ . Indeed making of the following relationships
{Mzj ,M jI} = (d− 2− 2αJ α¯J)RzI + 2δIzαJ α¯J
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it is straightforward to see that the transformations (3.37) can be cast into the following
desired form
δtot|φ〉 =
(
ξ∂ +
d− 2
2z
ξz +
1
2
∂IξJM IJ +M IJ∂+ξI
∂J
∂+
− ∂
+ξI
2z∂+
{Mzj ,M jI}
)
|φ〉 . (3.38)
This remarkable formula demonstrates that the light-cone transformations of physical
fields are indeed expressible in terms of the spin operatorM IJ . Note that Poincare´ algebra
transformations involve only terms linear in M IJ . The presence of the term quadratic
in M IJ is an essential feature of the AdS algebra transformations. At the same time
the AdS transformations do not involve higher than second order terms in M IJ . This
implies, at least, that light-cone formalism in AdS space-time should not be much more
complicated than the one in Minkowski space-time. With this optimistic conclusion let
us proceed to the totally symmetric fields.
3.5 Totally symmetric fields in AdS space-time. Gauge in-
variant equations of motion
The case of totally symmetric fields is the most interesting one because of the following
reasons. One is that the graviton falls into this representation. Another is that in
four dimensional AdS space-time all massless physical fields are described by totally
symmetric fields. Some time ago completely self consistent interacting equations of
motion for such fields have been discovered [34]. Therefore, before proceeding to the
general light-cone case it is reasonable to study the totally symmetric fields in their own
right. Note that we consider, as before, an arbitrary d-dimensional AdS space-time. The
starting point in our derivation of light-cone equations of motion are the gauge invariant
equations of motion.9 Some details of derivation of these equations of motion can be
found in Appendix A. Let us present the result.
We formulate our equations of motion in terms of the generating function |Φ〉 defined
by (2.11) where ΦA1...As is totally symmetric tangent space tensor (2.10) while αA, α¯A
are commuting oscillators defined by (2.13). The fact that |Φ〉 is a spin s field is reflected
by constraint
αα¯|Φ〉 = s|Φ〉 , αα¯ ≡ αAα¯A .
In addition one imposes the double traceless condition
9Gauge invariant action in d = 4 AdS space-time for integer spin field has been established in [38]
while for half integer spin in [39]. We do not rely on these results because we need equations of motion
for arbitrary space-time dimension. For arbitrary space-time dimension the gauge invariant action for
massless field has been found in ([40],[41]). There the action has been constructed in terms of linear
field strength and the reason because we do not use these results is that it is quite difficult to transform
the equations of motion for field strengths to the ones for gauge fields. The equations of motion for
arbitrary space-time dimension in terms of gauge fields have been found in ([42]-[44]) but there these
equations have been formulated in Lorentz gauge for gauge fields. However as we already demonstrated
in light-cone gauge the Lorentz constraint does not follow from the AdS gauge invariant equations of
motion. Thus for the purposes of this work we need to derive the equations in question from the very
beginning.
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(α¯2)2|Φ〉 = 0 , α¯2 ≡ α¯Aα¯A .
The gauge invariant equations of motion look then as
(
[α¯D, αD]− αDα¯D + 1
2
(αD)2α¯2 − 2α2α¯2 + 2(2s+ d− 3)
)
|Φ〉 = 0 , (3.39)
where the corresponding gauge transformation is
δ|Φ〉 = αD|Λ〉 (3.40)
and the gauge parameter field Λ is subject to usual traceless condition
α¯2|Λ〉 = 0 . (3.41)
The above equations of motion can equivalently be rewritten in the form
(D2A + ω
AABDB − αDα¯D + 1
2
(αD)2α¯2 − α2α¯2 − s2 + (6− d)s+ 2d− 6)|Φ〉 = 0 , (3.42)
which is more convenient in practical calculations. The formulation in terms of double
traceless field is not convenient for our purposes. As is well known the double traceless
spin s field can be decomposed into spin s traceless field the one of spin s− 2:
|Φ〉 = |Φs〉+ α2|Φs−2〉 , (3.43)
where the fields |Φs〉 and |Φs−2〉 satisfy the usual traceless condition
α¯2|Φs〉 = 0 , α¯2|Φs−2〉 = 0 . (3.44)
Inverse relations to the decomposition (3.43) are
|Φs〉 = (1− α
2α¯2
2(2s+ d− 4))|Φ〉 , 2(2s+ d− 4)|Φs−2〉 = α¯
2|Φ〉 .
In terms of these new fields the equations of motion (3.42) take the form
(
D2A + ω
AABDB − αDα¯D − s2 + (6− d)s+ 2d− 6
)
|Φs〉
+α2
(
D2A + ω
AABDB − αDα¯D − s2 + (2− d)s+ 2
)
|Φs−2〉
+(2s+ d− 6)(αD)2|Φs−2〉 = 0 . (3.45)
This form turns out to be more convenient for deriving light-cone form of equations of
motion. Gauge transformation for |Φs〉 looks as
δ|Φs〉 =
(
αD − α
2
2s+ d− 4α¯D
)
|Λ〉 . (3.46)
Gauge transformation for the field |Φs−2〉 can be obtained straightforwardly from the
formulas above but we do not need them because in light-cone gauge the constraints
produced by equations of motion set the field |Φs−2〉 to be equal zero.
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3.6 Totally symmetric fields. Light-cone form of equations of
motion
Taking into account that the gauge field |Φs〉 and the gauge parameter field |Λ〉 have the
same number degrees of freedom and due to invariance with respect to gauge transfor-
mation (3.46) we can impose the light-cone gauge
α¯+|Φs〉 = 0 . (3.47)
Note that in this gauge we get from (3.44) the constraint
α¯2I |Φs〉 = 0 , (3.48)
i.e. |Φs〉 becomes traceless field with respect to transverse indices. Acting with α¯+2 on
the equations of motion (3.45) one proves that |Φs−2〉 = 0. Then by acting α¯+ on the
equations of motion we get the Lorentz like constraint
α¯D|Φs〉 = −2(∂ˆ
+ − α+α¯z)
∂ˆ+ − 2α+α¯z α¯
z|Φs〉 .
Dividing both the sides by ∂+ this constraint can be cast into form
α¯−|Φs〉 =
(
− ∂
I
∂+
α¯I +
s+ d− 2
∂ˆ+
α¯z − 2(∂ˆ
+ − α+α¯z)
∂ˆ+(∂ˆ+ − 2α+α¯z) α¯
z
)
|Φs〉 . (3.49)
Solution to this equation is found to be
|Φs〉 = P |Φph〉 , (3.50)
where an operator P is defined by
P ≡
(
1− 2
∂ˆ+
α+α¯z
)(
1− 1
∂ˆ+
α+α¯z
)2−d−s
exp(− ∂
I
∂+
α+α¯I) .
The generating function |Φph〉 consists of only physical degrees of freedom
|Φph〉 = ΦI1...IsαI1 . . . αIs|0〉
and due to (3.48) fulfills the traceless condition
α¯2I |Φph〉 = 0 , (3.51)
which tells us that the field |Φph〉 has the number of spin degrees of freedom equal to
dimension of symmetric spin s irreducible representation of so(d − 2) algebra. It is the
field |Φph〉 that describes physical degrees of freedom. Now we have to insert solution
for |Φs〉 (3.50) into equations of motion (3.45). Taking into account that |Φs−2〉 = 0 and
rewriting the equations of motion (3.45) explicitly in Poincare´ coordinates we get
(
(∂ˆA −αAα¯z)2 + (2αz −αD)α¯D+ (1− d)(∂ˆz −αzα¯z)− s2 + (5− d)s+ 2d− 6
)
|Φs〉 = 0 .
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Inserting the solution (3.50) in these equations we find after some tedious but straight-
forward calculations the following equations of motion for the physical field |Φph〉
(
∂ˆ2 + (1− d)∂ˆz + (2s+ d− 6)αzα¯z − α2I α¯z2 − s2 + (5− d)s+ 2d− 6
)
|Φph〉 = 0 .
As before we wish to express the oscillator part of these equations in terms of spin
operator M IJ alone. Taking into account the relation
1
2
M2ij = α
2
i α¯
2
j − (αjα¯j)2 + (5− d)αjα¯j
and the traceless condition (3.51) one easily proves the following relationship
1
2
M2ij |Φph〉 =
(
−α2J α¯z2 + (2s+ d− 6)αzα¯z − s2 + (5− d)s
)
|Φph〉 .
Making use of this relationship we get the following nice representation for the light-cone
equations of motion
(
∂ˆ2 + (1− d)∂ˆz + 1
2
M2ij + 2d− 6
)
|Φph〉 = 0 .
Finally, in terms of the canonical normalized physical field |φ〉 defined as in (3.23) one
has the following form for equations of motion
(
z2∂2 +
1
2
M2ij −
(d− 4)(d− 6)
4
)
|φ〉 = 0 . (3.52)
Transforming this equations into the Schro¨dinger form (3.24) we get the generator P−
for physical totally symmetric field
P− = − ∂
2
I
2∂+
+
1
2z2∂+
(−1
2
M2ij +
(d− 4)(d− 6)
4
) . (3.53)
By inserting this P− and the field |φ〉 into (3.26) we get immediately the action that
leads to the above light-cone equations of motion.
3.7 Light-cone form of transformations of totally symmetric
field
In order to find transformation laws of the physical field |φ〉 we start as before with the
global transformations for the gauge field |Φs〉 supplemented by appropriate compensat-
ing gauge transformation
δtot|Φs〉 = Lη|Φs〉+ δgt|Φs〉 , (3.54)
where the gauge transformation is given in (3.46). The Lie derivative is given in (3.29),
where the anticommuting oscillators should be replaced by commuting ones. As above
the gauge parameter field |Λ〉 is found from the equation
α¯+δtot|Φs〉 = 0 . (3.55)
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Note that in order to find δtot|Φph〉 it is sufficient to analyse (α±)0 terms in (3.54).
Before to solve the equation (3.55) we consider the contributions of global and gauge
transformations in turn. Let us first consider original global AdS transformations. To
this end we can use the formula (3.34). The last term in (3.34) can be obtained from
(3.49) and is given by
α¯−|Φs〉|α+=0 = (−
∂I
∂+
α¯I +
s+ d− 4
∂ˆ+
α¯z)|Φph〉 . (3.56)
Inserting this into (3.34) we get the following contribution of the original global AdS
transformations
Lη|Φph〉 =
(
η∂ˆ +
1
2
∂ˆIηJM IJ +
1
2
ηIMzI + ∂ˆ+ηIαI(
∂J
∂+
α¯J − s+ d− 4
∂ˆ+
α¯z)
)
|Φph〉 . (3.57)
Now we should find a contribution of the gauge transformation. To this end we cast the
gauge transformation (3.46) into the form
δgt|Φs〉 =
(
α∂ˆ + (s− 1)αz − α
2
2s+ d− 4(α¯∂ˆ + (s− 1)α¯
z)
)
|Λ〉 . (3.58)
Since in r.h.s. of this expressions there is the annihilation oscillator α¯− it is clear that in
order to find contribution of |Λ〉 into δtot|Φph〉 we need only the first two leading terms
in expansion of |Λ〉 in powers of α+:
|Λ〉 = |Λ0〉+ α+|Λ1〉+ . . . .
Plugging this into (3.58) and taking (α±)0 terms we find
δgt|Φph〉 = (αI ∂ˆI+(s−1)αz)|Λ0〉− α
2
J
2s+ d− 4
(
(α¯I ∂ˆI+(s−1)α¯z)|Λ0〉+ ∂ˆ+|Λ1〉
)
. (3.59)
All that remains to find explicit transformation is to find solution to |Λ〉. To this end we
return to the equation (3.55). Using there an explicit form of the Lie derivative (3.29)
and the gauge transformation (3.46) we get from (3.55) the following equation for |Λ〉
∂ˆ+ηI α¯I |Φs〉+
(
∂ˆ+ − 2α
+
2s+ d− 4(α¯∂ˆ + (s− 1)α¯
z)
)
|Λ〉 = 0 . (3.60)
Note that while deriving this equation we have used the fact that α¯+|Λ〉 = 0. This
fact can be proved by analysis the requirement α¯+2δtot|Φs〉 = 0 which is consequence of
(3.55). From the equation (3.60) we get immediately
|Λ0〉 = −∂
+ηI
∂+
α¯I |Φph〉 . (3.61)
Then by acting on (3.60) with α¯− and taking (α+)0 terms we obtain the relation
∂ˆ+ηI α¯I α¯−|Φs〉+
(
α¯−∂ˆ+ − 2
2s+ d− 4(α¯
−∂ˆ+ + α¯I ∂ˆI + (s− 1)α¯z)
)
|Λ〉
∣∣∣
α+=0
= 0 .
19
Taking into account (3.56) we get
(α¯I ∂ˆI + (s− 1)α¯z)|Λ0〉+ ∂ˆ+|Λ1〉 = −(2s+ d− 4)∂
+ηI
∂+
α¯Iα¯z|Φph〉 . (3.62)
By plugging (3.61) and (3.62) into (3.59) and taking into account the relation
(αI ∂ˆI + (s− 1)αz)|Λ0〉 =
(
−∂ˆ+ηJ(αI ∂
I
∂+
+
s− 2
∂ˆ+
αz)α¯J − s∂
+ηz
∂+
)
|Φph〉 .
we get contribution of the gauge transformation
δgt|Φph〉 =
(
−∂ˆ+ηJ(αI ∂
I
∂+
+
s− 2
∂ˆ+
αz)α¯J +
∂+ηI
∂+
α2J α¯
I α¯z − s∂
+ηz
∂+
)
|Φph〉 .
By summing this with contribution of the original global AdS transformations (3.57) we
get complete transformation laws for the physical filed |Φph〉:
δtot|Φph〉 =
(
η∂ˆ +
1
2
∂ˆIηJM IJ +
1
2
ηIMzI +M IJ ∂ˆ+ηI
∂J
∂+
+
d− 2
2∂+
∂+ηIMzI
− 2s+ d− 6
2∂+
∂+ηIRzI +
∂+ηI
∂+
α2J α¯
I α¯z − s∂
+ηz
∂+
)
|Φph〉 .
This can be rewritten in terms of the canonical normalized physical field |φ〉 (3.23) and
target Killing vectors ξµ (3.13) as follows
δtot|φ〉 =
(
ξ∂ +
d− 2
2z
ξz +
1
2
∂IξJM IJ +M IJ∂+ξI
∂J
∂+
− 2s+ d− 6
2z∂+
∂+ξIRzI +
∂+ξI
z∂+
α2J α¯
I α¯z − s∂
+ξz
z∂+
)
|φ〉 . (3.63)
This form of transformations is quite different from the analogous expressions for an-
tisymmetric field (3.37). Despite this fact, it turns out that the AdS transformations
for totally symmetric physical field can also be entirely expressed in terms of the spin
operator M IJ . Indeed, making use of the relation
{Mzj ,M jI} = (2αJ α¯J + d− 6)RzI − 2α2J α¯I α¯z − 2αIαzα¯J2 + 2δIzαJ α¯J
it is straightforward to see that (3.63) can be cast into the form
δtot|φ〉 =
(
ξ∂ +
d− 2
2z
ξz +
1
2
∂IξJM IJ +M IJ∂+ξI
∂J
∂+
− ∂
+ξI
2z∂+
{Mzj ,M jI}
)
|φ〉 . (3.64)
Thus, as before, light-cone transformations of physical field
(i) are expressible in terms of the spin operator M IJ ;
(ii) consist only of the terms linear and quadratic in M IJ , i.e. do not involve higher
powers in M IJ .
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Note that the form of transformations for totally symmetric field (3.64) coincides
with the one for totally antisymmetric field (3.38). Unfortunately, this fact does not
imply that the form of transformations given in (3.64) and supplied by appropriate spin
operatorM IJ is valid for fields of arbitrary symmetry. In this respect the situation differs
from the one for Poincare´ algebra transformations. The reason for this is that the AdS
algebra transformations involve term quadratic in M IJ . Light-cone form description of
AdS algebra transformation laws for fields of arbitrary symmetry is given in section 5.
3.8 Light-cone form of generators of AdS algebra
Making use of the AdS transformations given in (3.38) and (3.64) we can represent them
as differential operators acting on the physical massless field |φ〉. Plugging the Killing
vectors (2.7) in transformation laws (3.38) and (3.64) we get corresponding differential
form of generators. Let us present the result.
Light-cone form of AdS algebra kinematical generators is given by
P i = ∂i , (3.65)
P+ = ∂+ , (3.66)
D = x+P− + x−∂+ + xI∂I +
d− 2
2
, (3.67)
J+− = x+P− − x−∂+ , (3.68)
J+i = x+∂i − xi∂+ , (3.69)
J ij = xi∂j − xj∂i +M ij , (3.70)
K+ = −1
2
(2x+x− + x2I)∂
+ + x+D , (3.71)
Ki = −1
2
(2x+x− + x2J)∂
i + xiD +M iIxI +M i−x+ , (3.72)
where
M−i ≡M iJ ∂
J
∂+
− 1
2z∂+
{Mzj ,M ji} .
Remaining generators which we refer to as dynamical generators are given by
P− = − ∂
2
I
2∂+
+
1
2z2∂+
A , (3.73)
J−i = x−∂i − xiP− +M iJ ∂
J
∂+
− 1
2z∂+
{Mzj ,M ji} , (3.74)
K− = −1
2
(2x+x− + x2I)P
− + x−D +
1
∂+
xI∂JM IJ − x
I
2z∂+
{MzJ ,MJI} . (3.75)
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The form of an operator A depends on representation. For the case of totally antisym-
metric massless field the operator A takes the form (see (3.25))
A = −1
2
M2ij +M
2
IJ +
d(d− 2)
4
,
while for totally symmetric massless field one has (see (3.53))
A = −1
2
M2ij +
(d− 4)(d− 6)
4
.
In what follows the operator A is referred to as AdS mass operator.
A few comments are in order.
(i) the AdS mass operator A for massless fields does not equal to zero in general. The
operator A is equal to zero only for massless representations which can be realized as
irreducible representations of conformal algebra [45] which for the case of d-dimensional
AdS space-time is the so(d, 2) algebra.
(ii) Above representations have been derived by using the oscillator form realization of
the spin operatorM IJ (see (2.14)). However, having expressed generators in terms of the
spin operator alone we can use arbitrary form of realization for the spin operator M IJ .
While exploiting such an arbitrary form of realization one should keep in mind however
that spin operatorsM IJ for totally symmetric and antisymmetric representations satisfy
the following defining constraints
(M3)[I|J ] =
1
2
(M2 + d2 − 5d+ 8)M IJ (3.76)
for case of totally antisymmetric field and
(M3)[I|J ] = (−1
2
M2 +
(d− 4)(d− 5)
2
)M IJ (3.77)
for totally symmetric field10. These defining constraints can be derived by using oscillator
form of realization forM IJ but they are valid, of course, for arbitrary form of realization
of spin operator.
(iii) Spin operator for field of arbitrary representation, say mixed symmetry repre-
sentation, does not satisfy the constraints (3.77), (3.76). In other words the constructed
generators satisfy commutation relations of the AdS algebra provided the spin operator
satisfy the defining constraints (3.77), (3.76). Therefore the above representations for
generators are valid only for totally symmetric and antisymmetric fields.
(iv) As is well known, in the light-cone form the Poincare´ algebra generators are
realized nonlinearly with respect to ∂+, namely, ∂+ appears in denominators of some
generators of Poincare´ algebra. From the above expression it is seen that as compared
to Poincare´ algebra generators the AdS algebra generators take additional nonlinear
dependence with respect to radial variable z. Thus the AdS generators are realized non
linearly in two dimensional phase space ∂+ (momentum), z (coordinate).11 Note that at
10We use the notation (M3)[I|J] ≡ 12M IKMKLMLJ − (I ↔ J), M2 ≡M IJM IJ .
11The boost generator J+− scales the momentum p+ which is representation of operator ∂+ in mo-
mentum space. In string theory in Minkowski space-time this boost is realized as rescaling of string
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the same time the generators are still local in coordinate x− and derivative with respect
to z.
(v) If we restore the dependence on cosmological constant λ then making use of (2.2)
one can make sure that as cosmological constant tends to zero the light-cone generators
of AdS algebra become the ones of the Poincare´ algebra.
The above expressions give realization of AdS algebra generators as differential op-
erators acting on physical fields. Now let us write down the realization of AdS algebra
generators in terms of physical fields. As we mentioned above the kinematical generators
Gˆkin are realized quadratically in the physical fields while the dynamical Gˆdyn are realized
non-linearly. At a quadratical level both Gˆkin and Gˆdyn have the following representation
Gˆ =
∫
dx−dd−2x〈∂+φ|G|φ〉 ,
where G are the differential operators given above. The field |φ〉 satisfies the Poisson-
Dirac commutation relation
[ |φ(x)〉, 〈φ(x′)| ]|equal x+ = − 1
2∂+
δ(x− − x−′)δd−3(x− x′)δ(z, z′) .
With these definitions one has the standard commutation relation
[|φ〉, Gˆ] = G|φ〉 .
4 General light-cone formalism in AdS space-time
In the previous sections we have developed light-cone formulation starting with gauge
invariant equations of motion. This strategy is difficult to realize in many cases because
the gauge invariant formulations are not available in general. One of attractive features
of light-cone formalism is that it allows to formulate field dynamics without knowledge of
covariant formulation. Moreover, sometimes a theory formulated within this formalism
turns out to be a good starting point for deriving a Lorentz covariant formulation.
Derivation of covariant formulation of string field theories is one of the famous examples
of exploiting this strategy (see [10, 11]). The practice we have got while deriving light-
cone formulation for particular cases allows us to develop general light-cone formalism in
AdS space-time. In this section we construct light-cone form of AdS algebra generators
which are applicable to arbitrary symmetry representations, so called mixed symmetry
representations. We show that these generators can be constructed in terms of spin
operators and AdS mass operator. We find closed defining equations for the AdS mass
operator.12
world sheet coordinate σ. The world sheet scale transformations associated with Virasoro algebra play
defining role in string theory. In AdS space-time in addition to the scaling of p+ there is the scaling
generated by dilatation generator D. This D scales, among others, the coordinate z. One can speculate
that in string theory (and higher spin massless field theory) in AdS space-time there is an underlying
invariance and thus an infinite dimensional algebra related to this scaling.
12A concrete representation for this operator will be found by applying group theoretic approach in
the next section.
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An attractive feature of the representation for generators we find is that they are valid
(i) for massless and massive fields; (ii) for spin multiplets, i.e. these equations are in prin-
ciple applicable to string theory; (iii) for supersymmetric theories. We also demonstrate
how the light-cone description for totally symmetric and antisymmetric fields can be
derived entirely within the light-cone formalism without using gauge invariant equations
of motion.
Generators described in the previous section have been given for arbitrary value
of evolution parameter x+. As is well known, the generators for arbitrary x+ can be
obtained from the ones at x+ = 0 by using the relation
Gx+ = e
x+P−G|x+=0e−x+P− .
From this and from commutation relations we learn that the following generators
P i , P+ , P− , J ij , J−i , K−
do not depend on x+ while for the remaining generators one has
J+i = J+i|x+=0 + x+P i , J+− = J+−|x+=0 + x+P− , D = D|x+=0 + x+P− ,
Ki = Ki|x+=0 − x+J−i , K+ = K+|x+=0 + x+(D + J+−)|x+=0 + x+2P− .
Thus without loss of generality we can put x+ = 0. Below in this section all the gen-
erators are considered for x+ = 0. To develop general light-cone we should make an
assumption about form of generators. Based on our previous study we make the follow-
ing assumptions.
(i) Taking into account that the kinematical generators take the same form for both
symmetric and antisymmetric representations (with appropriate spin operator M IJ ) we
suppose that they maintain this form for arbitrary representations
P i = ∂i , (4.1)
P+ = ∂+ , (4.2)
J+i = −xi∂+ , (4.3)
J ij = xi∂j − xj∂i +M ij , (4.4)
J+− = −x−∂+ , (4.5)
D = x−∂+ + xI∂I +
d− 2
2
, (4.6)
Ki = −1
2
x2J∂
i + xiD +M iIxI , (4.7)
K+ = −1
2
x2I∂
+ , (4.8)
where the spin part M IJ should be taken in an appropriate representation.
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(ii) The dynamical generator P− has the following form
P− = − ∂
2
I
2∂+
+
1
2z2∂+
A . (4.9)
Note that we do not make assumptions about the form of remaining generators K− and
J−i. Now the problem we are going to solve here is formulated as follows. Given spin
operators M IJ find the AdS mass operator A and the remaining generators J−i, K−.
Below by exploiting only the commutation relations of the AdS algebra we demonstrate
that the above assumptions turn out to be sufficient to evaluate remaining generators
and get closed defining equations for AdS mass operator A.
First of all from computation relations of P− with the kinematical generators given
in (4.1)-(4.8) we conclude that the operator A is independent of space-time coordinates
xI , x− and their derivatives ∂I , ∂+, and commutes with spin operator M ij
[A,M ij ] = 0 . (4.10)
Second, from commutator
[P−, Ki] = −J−i
we find representation for J−i
J−i = x−∂i − xiP− +M iJ ∂
J
∂+
− 1
2z∂+
[Mzi, A] . (4.11)
Using (4.9) and (4.11) we first find
[P−, J−i] =
1
4z3∂+2
(
−2{Mzi, A}+ [[Mzi, A], A]
)
.
On the other hand because of AdS algebra commutation relation [P−, J−i] = 0 we
conclude that the AdS mass operator A should satisfy the following constraint
2{Mzi, A} − [[Mzi, A], A] = 0 . (4.12)
Making use of (4.7) and (4.11) we evaluate then the commutator
[Ki, J−j] = −δij(−1
2
x2KP
− + x−D +
1
∂+
xI∂JM IJ − x
l
2z∂+
[Mzl, A])
+
1
2∂+
({M iL,MLj}+ [Mzi, [Mzj , A]])
From this and the AdS algebra commutation relation
[Ki, J−j] = −δijK−
we find the following representation for the generator K−
K− = −1
2
x2IP
− + x−D +
1
∂+
xI∂JM IJ − x
i
2z∂+
[Mzi, A] +
1
∂+
B , (4.13)
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provided the spin operators M IJ , AdS mass operator A and new operator B satisfy the
constraint
[Mzi, [Mzj , A]] + {M iL,MLj} = −2δijB . (4.14)
Note that this constraint gives definition of operator B in terms of basic operators which
are spin operator M IJ and AdS mass operator A.
Thus we have derived representation for all generators of the AdS algebra. One can
make sure that remaining commutation relations of the algebra are also satisfied. In
fact, it is sufficient to check the commutation relation
[J−i, J−j] = 0 . (4.15)
All others will then be satisfied because of Jacobi identities. Calculating the commutator
in question we get
[J−i, J−j] =
1
2z2∂+2
(−M ijA−MzjAMzi +MziAMzj + 1
2
[[Mzi, A], [Mzj , A]]) .
Making use of Jacobi identities and defining equations (4.12), (4.14) one finds
[[Mzi, A], [Mzj , A]] = 2M ijA− 2MziAMzj + 2MzjAMzi , (4.16)
i.e. the commutation relation (4.15) is satisfied and there are no additional constraints
on operator A.
Let us now summarize the results. Kinematical generators for arbitrary representa-
tions of AdS algebra are given in (4.1)-(4.8), while the dynamical generators are given
by
P− = − ∂
2
I
2∂+
+
1
2z2∂+
A , (4.17)
J−i = x−∂i − xiP− +M iJ ∂
J
∂+
− 1
2z∂+
[Mzi, A] , (4.18)
K− = −1
2
x2IP
− + x−D +
1
∂+
xI∂JM IJ − x
i
2z∂+
[Mzi, A] +
1
∂+
B , (4.19)
where AdS mass operator A is (i) independent of xI , x− ∂I , ∂+, i.e. depends only on
spin degree of freedom; (ii) invariant of spin part of the so(d − 3) algebra (4.10), and
(iii) satisfies the defining equations
2{Mzi, A} − [[Mzi, A], A] = 0 , (4.20)
[Mzi, [Mzj , A]] + {M iL,MLj} = −2δijB . (4.21)
An attractive feature of the representation for generators in (4.17)-(4.19) as well as defin-
ing equations is that they are valid for massive fields, spin multiplets and supersymmetric
theories.13
13Obviously, supersymmetry imposes additional constraints on the operatorA.
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Thus the general strategy of finding light-cone form of generators consists of the
following steps: (i) given spin, or spin multiplet, choose appropriate spin matrix M IJ ;
(ii) construct the most general operator A which commutes withM ij ; (iii) find a solution
to constraints (4.20), (4.21).
Making use of this representation we can then compute the second order Casimir
operator of AdS algebra
Q =
1
2
J2ab + 2K
aP a −D(D + 1− d)
and find that all dependence on the space-time coordinates (orbital part) drops, i.e. the
Casimir operator is entirely determined by the spin operatorM ij and AdS mass operator
A:
Q = −A + 2B + 1
2
M2ij +
d(d− 2)
4
. (4.22)
Note that this fact is true for Poincare´ algebra. Thus the equations of motion take the
form
(
−A + 2B + 1
2
M2ij +
d(d− 2)
4
− 〈Q〉
)
|φ〉 = 0 . (4.23)
where 〈Q〉 is eigenvalue of the Casimir operator Q in certain representation of the AdS
algebra.
Before proceeding let to show in how manner these results can be used to demonstrate
the fact that a field in the d dimensional AdS space-time irrespective of its mass can be
interpreted as a field in (d−1)-dimensional Minkowski space-time with continuous mass
spectrum. Toward this end let us rewrite the generators P− and J−i as follows
P− = − ∂
2
i
2∂+
+
1
2∂+
Mˆ , (4.24)
J−i = x−∂i − xiP− +M ij ∂
j
∂+
− 1
∂+
Mˆ i , (4.25)
where we introduce the following operators
Mˆ ≡ −∂2z +
1
z2
A , Mˆ i ≡Mzi∂z + 1
2z
[Mzi, A] . (4.26)
The operator Mˆ in (4.24) can be interpreted as mass operator for a field propagating in
(d − 1) dimensional Minkowski space-time while Mˆ i is associated with spin operator of
this field. We shall refer the Mˆ as Poincare´ mass operator. To support this interpretation
we should verify that these operators satisfy appropriate commutation relations between
Poincare´ mass operator and spin operator Mˆ i [10]. Indeed, making use of the defining
equations (4.20) and relationship (4.16) one finds that the operators Mˆ and Mˆ i satisfy
the following commutation relations
[Mˆ, Mˆ i] = 0 , [Mˆ i, Mˆ j ] = M ijMˆ .
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These commutation relations coincide with the ones for mass and spin operators (see
[10]). Therefore the generators P−, J−i given in (4.24), (4.25) coincide exactly with ones
for massive field in (d − 1)-dimensional Minkowski space-time. Thus we have demon-
strated that field in the d-dimensional AdS space-time can indeed be interpreted as
massive field in (d− 1) dimensional space-time.14 In this matching the AdS algebra be-
comes the algebra of conformal transformation of boundary Minkowski space-time. The
fact that in (d− 1) dimensions the spectrum is continuous follows from the relation
exDP 2a e
−xD = e−2xP 2a
(see [46]). Interesting point of our study is that it allows us to demonstrate explicitly
how do the Poincare´ mass and spin operators of massive field in Minkowski space-time
relate with AdS mass and spin operator of field in AdS space-time (4.26)15.
As a illustration how does the general light-cone formalism work let us rederive
the representation of AdS algebra for symmetric and antisymmetric fields. Note that
in previous section we derived this representation by using gauge invariant equations of
motion. Now we start directly with light-cone formalism and look for solution to defining
equations (4.20), (4.21). Toward this end we look for the following form of operator A:
A = aM2ij + b ,
where a and b arbitrary functions of spin Casimir operator M2IJ . We are going to find
these a and b by applying the defining equations. The above operator A obviously com-
mutes with M ij . Next step is to analyse the defining constraint (4.20). This constraint
takes the following form
2{Mzi, A} − [[Mzi, A], A] (4.27)
= −16a2(M3)[z|i] + 2a(1 + 2a){Mzi,M2kl}+ (−8a2M2 + 4a2(N − 2)2 + 4b)Mzi = 0 .
At this point we should use defining equations for spin operators M IJ . By using the
defining equations for spin operator of totally antisymmetric field (3.76) we express the
first term in r.h.s. of equation (4.27) in terms of others. From this we get solution
a = −1
2
, b = M2 +
d(d− 2)
4
, (4.28)
Exploiting defining equations for spin operator of symmetric field (3.77) in equation
(4.27) leads to
14This fact was discussed in literature only for scalar field. Our formalism allows us to demonstrate
this fact explicitly for arbitrary spin fields at the level of generators matching (4.26).
15As a side a remark let us note that this fact might have interesting application to a problem of
interrelation of higher spin massless spin fields living in d = 11 - dimensional AdS space-time, which is
a bulk, and superstring theories living at d = 10 Minkowski space-time, which is a boundary. One can
conjecture that string theory can be interpreted as resulting from some kind of a spontaneous breakdown
of symmetries of higher spin massless fields theory. The problem of continuous mass spectrum could be
solved then by spontaneous breakdown of original global AdS symmetries.
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a = −1
2
, b =
(d− 4)(d− 6)
4
. (4.29)
From the second defining equations (4.21) we get the equations
4aδijM2zl + (1 + 2a){M iL,MLj} = −2δijB
and taking into account (4.28) and (4.29) we get
B = M2zi
for both cases. These results coincide exactly with the those of the previous sections.
Here we derived them in purely algebraic way without using covariant equations of mo-
tion. This derivation is much simpler and demonstrates efficiency of light-cone approach.
Note that in this derivation we used only the defining equations for spin matrices M IJ
(3.77),(3.76). This is all what is required to get a light-cone description of a specific
fields from general light-cone formalism.
5 Light-cone generators for arbitrary representa-
tions of AdS algebra. Group theoretic approach
In this section we develop light-cone form of AdS generators both for massless and
massive fields. To do that we use method of induced representations (for reviews see
[48],[49]). Let us briefly describe this method. Let g be a group and h its subgroup.
The decomposition g = hgx defines gx as coset representative of g/h. In the following
the generators of h and gx are denoted by H and K respectively. To define induced
representation one introduces a space of functions ϕ subject to the following condition
ϕ(hgx) = ∆(h)ϕ(gx) , (5.1)
where ∆ is a representation of subgroup h
∆(h1h2) = ∆(h1)∆(h2) . (5.2)
Now the induced representation Tg is defined by
(Tg1ϕ)(g) = ϕ(gg1) . (5.3)
The condition (5.1) tells that the functions ϕ are defined on coset space. It is convenient
to introduce an unconstrained function φ defined by φ(x) = ϕ(gx). In terms of φ(x) the
formula (5.3) takes then the form
(Tg1φ)(x) = ∆(h(x, g1))φ(xg1) , (5.4)
where h(x, g) and xg are defined from a decomposition
gxg = h(x, g)gxg . (5.5)
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Since we are interested in differential form for generators we consider the formula (5.4)
for infinitesimal transformations
g1 = 1 + ǫMG
M , ǫ≪ 1 .
We use indices M,N, P to label all generators of algebra GM , while the indices α, β, γ
label generators of subalgebra H. For infinitesimal transformations we have
(xg1)
µˆ = xµˆ + ǫMξ
Mµˆ , h(x, g) = 1 + ǫMΩ
M
α H
α ,
where ξMµˆ and ΩMα are Killing vectors and h-compensators respectively. They satisfy
the relations
[(ξM∂), (ξN∂)] = fMNP (ξ
P∂) , (ξM∂)ΩNγ − (ξN∂)ΩMγ = fMNPΩPγ − fαβγΩMα ΩNβ ,(5.6)
where (ξM∂) ≡ ξMµˆ∂xµˆ . The xµˆ are coordinates of coset space gx. These coordinates
should not be confused with the coordinates xµ used in previous sections to describe
AdS space-time. Useful formula for calculation of Killing vectors and h-compensators is
gxG
Mg−1x = ξ
Mµˆ∂µˆgxg
−1
x + Ω
M
α H
α . (5.7)
Using these relations and taking into account Tg1 = 1 + ǫMG
M we get from (5.4) the
following representation for generators GM in terms differential operators acting on φ(x)
GM = ξMµˆ∂µˆ + Ω
M
α ∆
α , (5.8)
where spin operators ∆α defined by ∆α ≡ ∂α∆(h)|h=1 satisfy the commutation relations
[∆α,∆β] = fαβγ∆
γ . (5.9)
Using (5.6) it is easy to demonstrate that the generators GM given in (5.8) satisfy the
commutation relations
[GM , GN ] = fMNPG
P .
In next section we use the basic formulas (5.7) and (5.8) to obtain group theoretic
representation of AdS algebra generators.
5.1 Light-cone form of generators of AdS algebra. Group
theoretic representation
To apply the method of induced representations we should fix decomposition of AdS
algebra into subalgebra H and coset space algebra K. To do that we use Iwasawa
decomposition G = HmAN, where Hm is a maximal compact algebra, A is a maximal
abelian algebra in G/Hm and N nilpotent algebra in G/Hm. The N transforms in
certain representation of A. Next, G can be decomposed as G = KANC, where C are
elements of Hm that commute with A, while K is the remainder of Hm: K = Hm/C.
For the case of AdS algebra we have
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A = D, J+− , N = P−, J−i, K−, Ki , C = J ij , (5.10)
K = P i, P+, J+i, K+. (5.11)
The subalgebra H is then G/K, i.e. H = ANC and in terms of generators it looks as
H = P−, J−i, K−, Ki, D, J+−, J ij . (5.12)
For AdS algebra the subalgebra H is analog of little group. Note that subalgebra H and
coset space generators K can be represented as follows
K = (P+, J+i, K+) +⊃P i , H =
(
(P−, J−i, K−) +⊃Ki
)
+⊃ (D, J+−, J ij) .
Thus the coset space associated with K is used as carrier of representation, while H is
used as inducing subgroup.
The coset representative gx and coset coordinates we use are given by
gx = g1g2 , g1 ≡ exp(x−P+ + viJ+i + z−K+) , g2 ≡ exp(xiP i) . (5.13)
The wavefunctions will depend on coordinates xi, vi, x−, z−, which we refer as group
theoretic coordinates. After certain redefinitions the coordinates xi and x− will be related
with similar coordinates of field theoretical approach, while the coordinate z− will be
related with z.
First we calculate the coset space generators (5.11) by applying the basic formula
(5.8). For illustration purposes let us present the calculation of coset generators in
details. To apply the formula (5.8) we need Killing vectors and h-compensators which
can be obtained from (5.7). To this end we start with the following relation for right
invariant form
dgxg
−1
x = (dv
i − z−dxi)J+i + (dx− + vidxi)P+ + dz−K+ + P idxi .
From this we get
∂x−gxg
−1
x = P
+ , ∂vigxg
−1
x = J
+i , ∂z−gxg
−1
x = K
+ , ∂xigxg
−1
x = P
i+ viP+− z−J+i .
Using then the relations
gxP
+g−1x = P
+ , gxJ
+ig−1x = J
+i − xiP+ ,
gxK
+g−1x = K
+ − 1
2
x2jP
+ + xiJ+i , gxP
ig−1x = P
i + viP+ − z−J+i ,
and (5.7) we get the Killing vectors
ξP
i,xj = δij , ξP
+,x− = 1 , ξJ
+i,vj = δij , ξJ
+i,x− = −xi ,
ξK
+,vi = xi , ξK
+,x− = −1
2
x2j , ξ
K+,z− = 1 ,
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while corresponding h-compensators are equal to zero. Note that these Killing vectors
should not be confused with the ones in (2.7) which describe AdS space-time trans-
formations. Making use of these expressions and formula (5.8) we get the following
representation for coset generators K:
P i = ∂xi , (5.14)
P+ = ∂x− , (5.15)
J+i = −xi∂x− + ∂vi , (5.16)
K+ = −1
2
x2j∂x− + x
i∂vi + ∂z− . (5.17)
Now let us derive the representation for generators of the subalgebra H (5.12). In
accordance with general prescription of formula (5.8) we should introduce spin operators
∆α for each generator of subalgebra H (5.12)
∆P
−
, ∆J
−i
, ∆K
−
, ∆K
i
, ∆D, ∆J
+−
, ∆J
ij
.
These operators satisfy, by definition, the same commutation relations as generators of
subalgebra H (5.12). Making use of the basic formula (5.8) we get then the following
representation for the generators of the subalgebra H
J+− = −vi∂vi − x−∂x− − z−∂z− +∆J+− , (5.18)
D = xi∂xi + x
−∂x− − z−∂z− +∆D , (5.19)
J ij = xi∂xj − xj∂xi + vi∂vj − vj∂vi +∆Jij , (5.20)
Ki = −1
2
x2j∂xi + x
iD + (vi∂vj − vj∂vi +∆Jij )xj − x−∂vi + vi∂z− +∆Ki , (5.21)
P− = −vi∂xi + 1
2
v2∂x− + (z
−)2∂z− − (∆D +∆J+−)z− +∆P− . (5.22)
Note that explicit expressions for the remaining generators K− and J−i can be found
from above expressions for P−, Ki and commutation relations of the so(d−1, 2) algebra.
The expressions for the generators given in (5.14)-(5.17) and (5.18)-(5.22) provide group
theoretic representation for light-cone form of the AdS algebra generators.
5.2 Interrelation between group theoretic and field theoretic
approaches. Solution to defining equations
Group theoretic representation for generators is constructed in a basis which differs from
that used in field theoretic approach. Group theoretic representation is given in terms of
coset space coordinates – group theoretic coordinates – defined by the relations (5.13),
while in the field theoretic approach we used the usual space-time coordinates. Therefore
in order to match these different forms we should transform them to the same basis.
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We shall transform group theoretic representation to the one of field theoretic. There
is a number of reasons for that. One reason is that we have formulated defining equations
for generators written in space-time coordinates. Therefore to find the AdS mass operator
and spin operator it is necessary match orbital parts of generators. Another reason
why we consider the field theoretic formulation as the preferable one, which is behind
this work, is related to interaction vertices. To find interaction vertices one imposes
locality condition, which implies that the vertices should be polynomial in derivatives
with respect to transverse space-time coordinates. In other words, formulation in terms of
space-time coordinates is preferable because in this form one can apply locality condition
directly. So our aim here is to find transformation which match orbital part of group
theoretic generators and the field theoretic ones. After that by comparing spin part we
find immediately representation for AdS mass operator A as well as spin operators M IJ .
This representation gives solution to defining equations of the previous section.
Before proceeding let us make some simplifications. We are interested in irreducible
representation of AdS algebra. According to the general theory (see [48],[49]) in order to
get such a representation it is sufficient to set spin operators corresponding the nilpotent
algebra N (5.10) equal to zero
∆P
−
= ∆J
−i
= ∆K
−
= ∆K
i
= 0 . (5.23)
For remaining spin operators we use the notation
∆J
+−
= −λ+− , ∆D = −λ , ∆Jij = mij , (5.24)
where the λ+− and λ are c-numbers, while spin operator mij satisfies commutation
relations of so(d− 3) algebra
[mij , mkl] = δjkmil + 3 terms .
λ in (5.24) and below should not be confused with cosmological constant. Thus we
shall use the generators (5.18)-(5.22) with spin operators given in (5.23), (5.24). Before
proceeding it is important to understand which group theoretic variable is responsible for
spin degrees of freedom. Below we show that the spin degrees of freedom are described by
the variable vi together with spin operator mij . To be precise, let us make the following
Fourier transform
f(xi, x−, z−, vi) =
∫
du exp(−uv∂+)f1(xi, x−, z−, ui) ,
where the f1 is a new wavefunction. In basis of f1 the coordinate v
i takes the represen-
tation
vi → ∂ui
∂+
, ∂vi → −ui∂+ .
It turns out that in group theoretic approach it is the new variable ui that is an analog of
oscillators used in field theoretic approach to describe spin degrees of freedom. Remaining
group theoretic variables xi, x−, z− are related to space-time coordinates of field theoretic
approach. Let us now describe this interrelation in more detail.
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First, we are trying to match coset generators (5.11) given in (4.1)-(4.8) and (5.14)-
(5.17). It is obvious that the generators P i and P+ already coincide. Next step is to
match the generators J+i. To do that we choose instead of the basis f1 the following
new f2 basis defined by
f1(x
i, x−, z−, ui) = eu∂xf2(x
i, x−, z−, ui) .
Taking into account that in this new basis the coordinates take the representation
xi → xi − ui , vi → 1
∂+
(∂ui + ∂xi) , ∂vi → −ui∂+
one can make sure that the generator J+i (5.16) takes the desired form given in (4.3).
After that we should match the group theoretic K+ (5.17) and the one of field theoretic.
To do that we choose instead of f2 the following new f3 basis
f2(x
i, x−, z−, ui) =
∫
dz z exp(−1
2
z−∂+(z2 + u2))f3(x
i, x−, z, ui) .
In this new basis the generator J+i is not changed, while the generator K+ takes the
desired form of field theoretic approach given in (4.8). Thus at this stage group theoretic
coset generators match with the ones of field theoretic.
Second step is to analyse the group theoretic dilatation generator D (5.19) which in
basis of f3 takes the form
D = x∂x + x
−∂+ + z∂z + u∂u + d− 1− λ .
This D consists of unwanted term u∂u which is absent in D of field theoretic approach.
To remove this term we choose the basis f4 which is related to the previous basis f3 as
follows
f3(x
i, x−, z, ui) = f4(x
i, x−, z, ζ i) , ui ≡ 1
z
ζ i .
It is straightforward to see that in the basis of f4 the unwanted term u∂u in D is cancelled
and we get
D = x−∂+ + xI∂I + d− 1− λ . (5.25)
By now the orbital part of this operator coincides with the one of field theoretic approach
(4.6). Before we match spin part of D let us write down the expressions for the group
theoretic generators J+− (5.18) and P− (5.22) in f4 basis
J+− = −x−∂+−λ+− , P− = − ∂
2
I
2∂+
− c
′ + 1
2z∂+
∂z+
1
2z2∂+
(
∂2ζ +(ζ∂ζ)
2+c′ζ∂ζ
)
, (5.26)
where
c′ ≡ d− 1− 2λ− 2λ+− . (5.27)
All that now remains is to find the basis in which the generators J+−, D, P− given in
(5.25), (5.26) take the form of the ones given in (4.5), (4.6) and (4.9). This can be done
by using the following f5 basis
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f4(x
i, x−, z, ζ i) = (∂+)λ
+−
z−(c
′+1)/2f5(x
i, x−, z, ζ i) .
In f5 basis the generators J
+−, D, P− take precisely the desired form of the field theoretic
approach given in (4.5), (4.6), (4.9) with the following representation for AdS mass
operator A
A = ∂2ζ + (ζ∂ζ)
2 + c′ζ∂ζ +
c′2 − 1
4
. (5.28)
In order to complete our analysis we should evaluate the group theoretic generator Ki
(5.21) in the basis of f5. The relatively straightforward calculations gives the desired
form of field theoretic approach given in (4.7) with the following representation for spin
operators
M ij = ζ i∂ζj − ζj∂ζi +mij , Mzi = 1
2
(1− ζ2)∂ζi + ζ i(ζ∂ζ − λ) +mijζj . (5.29)
Note that in section 4 we have made assumption about form of kinematical generators
(4.1)-(4.8) and dynamical generator P− (4.9). The derivation of this section demon-
strates that this conjectured form is in fact a most general form. One can verify that the
above expressions for AdS mass operator (5.28) and spin operatorM IJ (5.29) satisfy the
defining equations (4.20), (4.21) and give the following representation for the operator
B
B =
1
2
(1− ζ2)∂2ζ + (ζ∂ζ)2 +
c′ + d− 5
2
ζ∂ζ −mijζ i∂ζj − λ(λ+ c
′ + d− 3
2
) . (5.30)
Thus we have transformed the group theoretic form to the basis where the wavefunction
depends on the space-time variables x−, xI and spin variables ζ i. In addition wavefunc-
tion transforms in representation of little spin operatormij . In order to understand what
kind of form of realization of spin degrees of freedom we have obtained we should inspect
the spin operatorM IJ . It is straightforward to see that the representation we derived for
M IJ is nothing but the stereographic form of realization of spin degrees of freedom. This
fact is demonstrated in Appendix B. In other words, group theoretic approach naturally
leads to the stereographic form of realization of spin degrees of freedom. At the same
time, it turns out that the above representation for operators A, B and M IJ can be put
into the form which does not rely on stereographic form of realization of spin degrees of
freedom. To this end we introduce the following operators
pi = ∂ζi , k
i = −1
2
ζ2∂ζi + ζ
i(ζ∂ζ − λ) +mijζj , (5.31)
mij = ζ i∂ζj − ζj∂ζi +mij , d = ζ∂ζ − λ , (5.32)
These operators satisfy commutation relations of so(d− 2, 1) algebra
[d, pi] = −pi , [d, ki] = ki , [pi, pj ] = 0 , [ki, kj] = 0 ,
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[pi,mjk] = δijpk − δikpj , [ki,mjk] = δijkk − δikkj ,
[pi, kj ] = δijd−mij , [mij ,mkl] = δjkmil + 3 terms
The remarkable fact is that the operators A (5.28), B (5.30) and the spin operator M IJ
(5.29) are expressible entirely in terms of above operators
A = p2+d2+(c′+2λ)d+
(c′ + 2λ)2 − 1
4
, B =
1
2
p2+kp+(λ+
c′ + d− 3
2
)d , (5.33)
M ij = mij , Mzi =
1
2
pi + ki . (5.34)
To summarize we have found two realization for spin operator M IJ and AdS mass op-
erator. First realization given in (5.28), (5.29) is constructed in terms stereographic
coordinates. The second realization given in (5.33), (5.34) is constructed in terms of
generators of so(d− 2, 1) and does not related to specific coordinates.
By inserting above representations for A and B into (4.22) we get for the Casimir
operator
− A+ 2B + 1
2
M2ij +
d(d− 2)
4
= −λ+−(λ+− + 1− d)− λ(λ+ d− 3) + 1
2
m2ij . (5.35)
The positive energy lowest weight irreducible representations of so(d − 1, 2) algebra
denoted as D(E0, λ,h), are defined by E0, an lowest eigenvalue of the energy operator,
and by (λ,h)16 which is the weight of the so(d − 1) algebra representation in so(2) ⊕
so(d− 3) basis. In D(E0, λ,h) the Casimir operator takes the value
〈Q〉 = −E0(E0 + 1− d)− λ(λ+ d− 3) + 1
2
〈m2ij〉 , (5.36)
where 〈m2ij/2〉 is a eigenvalue Casimir operator of so(d − 3) algebra representation. In-
serting relations (5.35) and (5.36) into (4.23) suggests the following identification
E0 = λ
+− . (5.37)
Below we demonstrate that the E0 defined by this relation is indeed lowest energy value.
The representation we obtained describes massive field in general. The basis for the spin
states of massive field can be constructed as follows. Introduce the vector |h〉 which is
(i) the eigenvalue vector of operator d, and (ii) a weight h representation of the so(d−3)
algebra. This vector satisfies the following conditions
pi|h〉 = 0 , d|h〉 = −λ|h〉 .
16The λ and h = (h1, . . . , h[(d−3)/2)]) as weights of the so(d − 1) algebra representation satisfy the
relation λ ≥ h1 . . . ≥ h[(d−3)/2] ≥ 0 for even d and the relation λ ≥ h1 . . . ≥ h[(d−5)/2] ≥ |h[(d−3)/2]| for
odd d.
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The first constraint is imposed to get a finite dimensional representation. Note that in
representation given in (5.31)-(5.32) these constraints imply that |h〉 does not depend
on ζ i. Next construct the space
Λ ≡
2λ∑
σ=0
⊕Λσ , Λσ ≡ ki1 . . . kiσ |h〉 , (5.38)
where Λ2λ+1 = 0. Dimension of the space Λ coincides with a dimension of the so(d− 1)
algebra irreducible representation which is used to describe spin degrees of freedom of
massive field. Therefore the Λ is appropriate to describe spin degrees of freedom of
massive field. Obviously the space Λ is invariant under the action of spin operators M IJ
and AdS mass operator A (see (5.33), (5.34)). However for certain values of c′ there
is invariant subspace in Λ. This invariant subspace describes spin degrees of freedom
of massless field. In order to understand this fact better it is instructive to consider
examples.
Spin one Maxwell field. Let us start with the simplests case of spin one Maxwell
field. In this case we have λ = 1 and h = 0 17. Wavefunction of spin massless field in
stereographic coordinates is given by
|φ〉 = |φ1〉+ |φ0〉 , |φ1〉 ≡ ζ iφi , |φ0〉 ≡ (1− ζ2)φ . (5.39)
The |φ1〉 and |φ0〉 transform into one another under the action of spin operator M IJ , i.e.
the vector |φ〉 transforms in representation ofM IJ . This vector has d−2 degrees of free-
dom and therefore is appropriate to describe massless spin one field. For arbitrary c′ the
AdS mass operator A moves the |φ〉 out the form given in (5.39). Indeed straightforward
calculation gives
A|φ〉 = κ1|φ1〉+ κ2|φ0〉 − 2(d− 1 + c′)|V 〉 , |V 〉 ≡ φ ,
where κ1 and κ2 are certain constants. Obviously the vector |V 〉 does not belong to
the invariant subspace of |φ〉 given in (5.39). The contribution of |V 〉 can be cancelled
whenever c′ = 1− d. Taking into account (5.27) and (5.37) we find E0 = d− 2 and this
nothing but the lowest energy values for spin one massless field in d-dimensional AdS
space-time ([42]). Thus the value c′ is fixed from the requirement that the |φ〉 transforms
into itself under the action of AdS mass operator A.
Totally antisymmetric spin s field. In this case we have λ = 1 and the weights of
vector |h〉 are given by h = (1, . . . , 1, 0 . . . , 0) (where the unity occurs s− 1 times in this
sequence). The invariant subspace in Λ appropriate to the description of massless field
is given by the wavefunction18
17In this case the vector |h〉 in (5.38) is simply constant which we set equal to unity and we use the
so(d − 3) algebra spin operator mij = 0. Then from (5.38) we get that Λ = (1, ζi, ζ2). Dimension of
this Λ is equal to d − 1 which is dimension of massive spin field |φ〉 = φ1 + ζiφi + ζ2φ2. The invariant
shortened subspace appropriate for massless case is then given by (5.39).
18The vector |h〉, which is used to construct the space Λ, is given by αi1 . . . αis−1 |0〉. Then the space
Λ is described by expression (5.38) and is given by Λ = (kikj |h〉, ki|h〉, |h〉). The ki is given in (5.31)
where we should exploit the following spin operator mij = αiα¯j − αjα¯i.
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|φ〉 = |φ1〉+ |φ0〉 , (5.40)
where
|φ1〉 ≡ φi1...isζ [i1αi2 . . . αis]|0〉 , (5.41)
|φ0〉 ≡ φi1...is−1
(
(1− ζ2)αi1 . . . αis−1 + 2
s−1∑
k=1
αi1 . . . αik−1ζαζ ikαik+1 . . . αis−1
)
|0〉 . (5.42)
As before the |φ1〉 and |φ0〉 transform into one another under the action of spin operator
M IJ . The vector (5.40) has spin degrees of freedom appropriate to describe totally
antisymmetric massless field. Decomposition (5.40) reflects the fact the antisymmetric
rank s tensor of so(d− 2) algebra can be decomposed into rank s antisymmetric tensor
of so(d − 3) algebra and the ones of rank s − 1. Let us inspect of action of AdS mass
operator on |φ〉. Straightforward calculation gives
A|φ〉 = κ1|φ1〉+ κ2|φ0〉+ 2(2s− 1− d− c′)|V 〉 , |V 〉 ≡ φi1...is−1αi1 . . . αis−1 |0〉 .
Again the vector |V 〉 does not belong to invariant subspace given in (5.40) and therefore
we should cancel its contribution. To cancel the contribution of |V 〉 we set the coefficient
in front of this vector equal to zero and this leads to the solution c′ = 2s−d−1. Taking
into account (5.27), (5.37) we get then E0 = d − s − 1. This is lowest energy value for
massless totally antisymmetric field in AdS space-time ([42],[43]).
Totally symmetric spin s field. Above analysis can be immediately extended to arbi-
trary spin s totally symmetric field. In this case we have λ = s and h = 0 and we start
with wavefunction19
|φ〉 = |φs〉+ (1− ζ2)|φs−1〉+ . . . (5.43)
where
|φs〉 ≡ ζ i1 . . . ζ isφi1...is , |φs−1〉 ≡ ζ i1 . . . ζ is−1φi1...is−1 . (5.44)
Complete expression of |φ〉 is given in Appendix B (see (B.6)). Here we exploit first two
terms in expansion of (B.6), put there ρ = 1 and use simplified normalization given in
(5.43). The dots in (5.43) indicate the subleading terms which can be read from (B.6).
In this case one has
A|φ〉 = κ1|φs〉+ κ2(1− ζ2)|φs−1〉+ 2(5− 4s− d− c′)|V 〉+ . . . ,
where vector |V 〉 is given by
|V 〉 = ζ i1 . . . ζ is−1φi1...is−1 .
Because the vector |V 〉 again does not belong to the space of |φ〉 given in (5.43) we set
factor in front of |V 〉 equal to zero. This can be achieved by choosing c′ = 5 − d − 4s.
Then from (5.27), (5.37) we get value of E0
19In this case the space Λ is given by (5.38) where we set λ = s, |h〉 = 1 and mij = 0.
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E0 = s + d− 3 ,
which is nothing but lowest energy value for totally symmetric massless fields in AdS
space-time [42].
The lowest energy value for massless arbitrary type symmetry representation has
been found in [43] and is given by
E0 = λ− k − 2 + d ,
where k is determined by the relation λ = h1 = . . . hk−1 > hk. It is for this value E0
that there is invariant subspace in Λ appropriate to describe massless fields. Because
detailed description of that invariant subspace is too involved, we hope to study it in
future publications.
6 Light-cone form of conformal field theory
In this section we present light-cone reformulation of (free) conformal field theory. The
reason for doing this is that we are going to establish AdS/CFT correspondence between
bulk massless fields and conformal field theory operators. In the previous sections the
bulk massless fields have been studied within the framework of the light-cone formalism.
Therefore most adequate form for comparison is the light-cone form of conformal field
theory.
6.1 Lorentz covariant form of conformal field theory
To keep our presentation as simple as possible we restrict our attention to the case
of arbitrary spin totally symmetric operators that have canonical conformal dimension
given below in (6.1)20. In this section we recall main facts of conformal field theory about
these operators. The reason for this is that we use formulation in terms of generating
functions and the resulting formulas look different from the ones that can be found in
the standard literature on this subject (for instance see [47] and reference therein).
In this section the so(d− 1, 2) algebra is considered as algebra of conformal transfor-
mations of (d−1)-dimensional Minkowski space-time. We are interested in spin s totally
symmetric conformal operators
Oa1...as(x)
that have canonical conformal dimension 21
∆ = s+ d− 3 . (6.1)
These operators, by definition, are traceless and divergence free
20We do not discuss Lorentz covariant formulation for shadow operators which have conformal dimen-
sion ∆˜ = 2− s. In Appendix C we give directly light-cone formulation of such operators.
21The fact that expression in r.h.s. of (6.1) is nothing but the lowest energy value of spin s massless
fields propagating in d dimensional AdS space-time has been demonstrated in [42].
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Oaaa3...as = 0 , ∂xaOaa2...as = 0 .
As above to simplify our presentation we consider Fock space vector (generating function)
|Ocov〉 ≡ Oa1...asαa1 . . . αas|0〉 . (6.2)
In terms of generating function the traceless and divergence free conditions take the
following form
α¯aα¯a|Ocov〉 = 0 , (6.3)
α¯a∂xa |Ocov〉 = 0 . (6.4)
Realization of conformal algebra generators on the space of operators |Ocov〉 is given by
P a = ∂a , (6.5)
Jab = xa∂b − xb∂a +Mab , (6.6)
D = xa∂xa +∆ , (6.7)
Ka = −1
2
x2b∂
a + xa(xb∂xb +∆) +M
abxb , (6.8)
where ∂a ≡ ηab∂xb and the so(d− 2, 1) algebra spin operator Mab is given by
Mab = αaα¯b − αbα¯a . (6.9)
The condition that the conformal operator |Ocov〉 subject to the constraints (6.3),(6.4)
should have the canonical conformal dimension (6.1) amounts to the requirement that
this operator constitutes a invariant subspace in representation of conformal algebra.
Indeed the operator α¯2a obviously commutes with all generators of conformal algebra.
Operator α¯a∂xa commutes with the generators P
a, D and Jab on the space of |Ocov〉. As
to commutation relation of α¯a∂xa with K
a we get
[α¯b∂xb , K
a] = α¯a(∆− αbα¯b − d+ 3) + xaα¯b∂xb + αaα¯2b .
Making use of this and the constraints (6.3), (6.4) we find
[α¯∂,Ka]|Ocov〉 = α¯a(∆− s− d+ 3)|Ocov〉 .
From this it clear that only for canonical conformal dimension (6.1) the operator |Ocov〉
subject to the constraints (6.3),(6.4) constitutes the invariant subspace in representation
of conformal algebra.
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6.2 Light-cone form of conformal field theory
Our derivation of light-cone form of generators of conformal algebra proceeds as follows.
Recall that in the bulk the so(d−1, 2) algebra was realized on the space of unconstrained
physical fields. On the CFT side our operators are subject to the divergence constraint
(6.4). It is reasonable to solve this constraint and formulate boundary conformal theory
also in terms of unconstrained operators. Solution to the constraint (6.4) is easily found
to be
|Ocov(α+, α−, αi)〉 = exp
(
−α
+
∂+
(α¯+∂− + α¯i∂i)
)
|O(α−, αi)〉′ (6.10)
A traceless operator |O〉′ is an unconstrained operator. As compared to the original
operator |Ocov〉 this |O〉′ does not depend on oscillator α+. The second step in our
derivation is to choose a new basis in which the generators
P a, J+i , J+− , K+ , (6.11)
take form as simple as possible. Namely we choose a basis in which the generators given
in (6.11) do not depends on matrix Mab. This can be done step by step. First we choose
a basis which makes J+i independent of M+i. Next we choose a basis which makes
J+− independent of M+− and finally we choose a basis which makes K+ independent
of Mab. Details can be found in Appendix C. Let us present the final light-cone form of
the generators realized on conformal theory operators
P a = ∂a , (6.12)
J+i = x+∂i − xi∂+ , (6.13)
J+− = x+∂− − x−∂+ , (6.14)
J ij = xi∂xj − xj∂xi +M ij , (6.15)
K+ = −1
2
(2x+x− + x2i )∂
+ + x+D , (6.16)
D = x+∂− + x−∂+ + xi∂xi + ∆ˆ , (6.17)
J−i = x−∂i − xi∂− +M ij ∂
j
∂+
− 1
∂+
M i , (6.18)
where the spin operator M ij is the same as in (6.9). The generator M i transforms in
vector representation of the spin operator M ij and satisfies the commutation relations
[M i,M jk] = δijMk − δikM j , [M i,M i] = ✷M ij ,
where ✷ is the Dalamber operator in (d− 1) dimensional Minkowski space-time
✷ ≡ ∂2xa .
We use the following realization of unconstrained generating function |O〉. We decompose
|O〉 into irreducible representations of so(d− 3) algebra
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|O〉 =


∑
s′ ⊕|O(1)s′ 〉 s′ = s, s− 2, s− 4, . . . , s− 2[ s2 ] ,∑
s′ ⊕|O(2)s′ 〉 s′ = s− 1, s− 3, s− 5, . . . , s− 2[ s−12 ] .
(6.19)
Now a representation of spin part ∆ˆ of the dilatation operator D (6.17) and the operator
M i on conformal operators |O(1,2)s′ 〉 is determined to be
∆ˆ ≡ αiα¯i + d− 3 , (6.20)
M i|O(1)s′ 〉 = ✷(αi −
α2j α¯
i
2s′ + d− 7)|O
(2)
s′−1〉+
α¯i
2s′ + d− 3 |O
(2)
s′+1〉 (6.21)
M i|O(2)s′ 〉 = ✷a(s, s′)(αi −
α2j α¯
i
2s′ + d− 7)|O
(1)
s′−1〉+
a(s, s′ + 1)
2s′ + d− 3α¯
i|O(1)s′+1〉 (6.22)
where
a(s, s′) ≡ (s− s′ + 1)(s+ s′ + d− 5) .
Light-cone form of generators for shadow operator can be obtained from (6.12)-(6.22)
by making there the following substitutions: i) the operator ∆ˆ in (6.16), (6.17) should
be replaced by
˜ˆ
∆ = 2 − αiα¯i; ii) in equations (6.21), (6.22) the operator ✷ should be
deleted in front of |O(1,2)s′−1〉 and should be placed in front of |O(1,2)s′+1〉.
7 Light-cone form of AdS/CFT correspondence
After we have derived the light-cone formulation for both the bulk fields and the bound-
ary conformal theory operators we are ready to demonstrate explicitly AdS/CFT cor-
respondence. Euclidean version of this correspondence for various particular cases has
been studied in [50]–[67]. Intertwining operator realization of AdS/CFT correspondence
was investigated in [68]. For review and complete list of references see [69]. Here we
study correspondence for Lorentzian signature of AdS space-time. As far as we know, in
this case the correspondence was discussed only for the case of the scalar field [70]. We
establish correspondence for totally symmetric arbitrary spin massless fields. Namely,
we match normalizable modes of solution to bulk equations of motion for massless fields
and conformal operators with canonical conformal dimension. Also we make explicit map
between non normalizable modes and shadow operators which are conformal partners of
operators with canonical conformal dimensions.
What is required is to demonstrate that representation of the so(d − 1, 2) algebra
on bulk physical fields coincides exactly with one for boundary unconstrained opera-
tors. Also, it is necessary to make sure that on both sides one has the same number of
independent spin degrees of freedom.
As to spin degrees of freedom, the matching is straightforward. Indeed in d - dimen-
sional AdS space-time the massless totally symmetric field has the following number of
physical spin degrees of freedom
42
Nd.o.f = (2s+ d− 4)(s+ d− 5)!
(d− 4)!s! .
At the same time it is well known that this Nd.o.f is nothing but the number of inde-
pendent components of traceless and divergence free operator in (d − 1) dimensional
space-time. Thus there is the same number of spin degrees of freedom on the both sides.
Now let us make a comparison of generators for bulk fields and boundary operators.
Important technical simplification is that it is sufficient to make comparison only for
part of algebra spanned by generators
P a , J+− , J+i , J ij , J−i , D , K+ .
It is straightforward to see that the remaining generators K− and Ki are obtainable
from commutation relations of the so(d − 1, 2) algebra. We start with a comparison of
the kinematical generators (2.8). As for the generators
P+ , P i , J+i
they already coincide on both sides (see (3.65),(3.66) (3.69) and (6.12), (6.13)). Before
matching generators K+ let us consider the dilatation generators D. Here we need
explicit form of solution to bulk theory equations of motion. To this end we cast the
equations of motion for totally symmetric field (3.52) into the following form
(−∂2z +
1
z2
(−1
2
M2ij +
(d− 4)(d− 6)
4
)
)
|φ〉 = ✷|φ〉 .
Then we decompose the field |φ〉, which transforms in representation of so(d−2) algebra,
into irreducible representations of so(d− 3) subalgebra |φs′〉22
|φ〉 =
s∑
s′=0
⊕|φs′〉 .
Because of the relation
1
2
M2ij |φs′〉 = −s′(s′ + d− 5)|φs′〉
the equations of motion for |φs′〉 take the form
(−∂2z +
1
z2
(ν2 − 1
4
))φs′ = ✷φs′ , ν ≡ s′ + d− 5
2
.
Normalizable solutions to these equations are
|φs′(x, z)〉 = √qzJs′+ d−5
2
(qz)q−(s
′+ d−4
2
)|Os′(x)〉 , q ≡
√
✷ . (7.1)
22The |φs′ 〉 for s′ given in (B.13) and (B.14) coincide with |φ(1)s′ 〉 and |φ(2)s′ 〉 respectively.
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In the r.h.s. we use the notation |Os′〉 since we are going to demonstrate that these
operators are indeed the conformal operators. Namely we shall prove that AdS trans-
formations for |φs′〉 lead to conformal theory transformations for |Os′〉23. Asymptotic
behavior of the solution above is given by
|φs′(x, z)〉 z→0−→ zs′+ d−42 |Os′(x)〉 .
From this expression and (7.3) it is straightforward to see that
lim
z→0
z−s
′− d−4
2 Dads|φs′〉 = Dcft|Os′〉 . (7.2)
Here and below we use the notation Gads and Gcft to indicate realization of so(d− 1, 2)
algebra generators on the bulk fields (3.65)-(3.75) and conformal operators (6.12)-(6.18)
respectively. Thus the operators Dads and Dcft also match. Taking into account the
expressions (3.71), (6.16) and (7.2) we get immediately
lim
z→0
z−s
′− d−4
2 K+ads|φs′〉 = K+cft|Os′〉 .
The remaining generators of the algebra we need to match are P−, J+−, J−i. Let us
consider P−ads and P
−
cft
P−ads = −
∂2J
2∂+
+
1
2z2∂+
(
−1
2
M2ij +
(d− 4)(d− 6)
4
)
, P−cft = ∂
− .
In the bulk generator P−ads given above we cannot send the coordinate z to zero. The
point is that the P−ads consists of second derivative with respect to z. Therefore the
operator P−ads does not commute with z, [P
−, z] ∼ ∂z, and the r.h.s. is not equal on the
representation space of bulk theory. Note that the bulk generators are defined on space of
initial data, i.e., for x+ = const . Therefore the fact that we cannot send the coordinate
z to zero in the bulk P− implies that we cannot directly map the initial data of the bulk
theory into the boundary conformal theory operators. The point is that in order to put z
equals to zero in bulk generators we have to replace the representation defined on initial
data by the representation defined on the space of solutions. This implies simply that
we should use the fact that on the space of solutions we have Schro¨dinger equations of
motion P−adsφ = ∂
−φ. In other words, on the space of solutions we can simply replace
P−ads by ∂
−
P−ads = ∂
− . (7.3)
So generators P−ads and P
−
cft also match. Taking this into account it is straightforward to
see that the generators J+−ads (3.68) and J
+−
cft (6.14)
J+−ads = x
+P− − x−∂+ , J+−cft = x+∂− − x−∂+
also coincide. The last step is to match the generators J−iads and J
−i
cft. To this end we
rewrite the J−iads given in (3.74) as follows
23The |Os′〉 for s′ given in the first row and the second row of (6.19) coincide with |O(1)s′ 〉 and |O(2)s′ 〉
respectively
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J−iads = x
−∂i − xiP−ads +M ij
∂j
∂+
− 1
∂+
M iads , M
i
ads =M
zi∂z +
1
2z
{Mzj,M ji} . (7.4)
Using (7.3) and comparing the above expression for J−iads with J
−i
cft given in (6.18) we
conclude that all that remains to do is to match M iads given in (7.4) and M
i
cft given
in (6.21), (6.22). Technically, this is the most difficult point of matching. The fact of
coincidence of the operatorsM iads andM
i
cft we prove by direct calculation. The action of
M icft is given in (6.21), (6.22). By acting with operator M
i
ads on space of solutions given
in (7.1) we obtain the representation of operator M iads in |Os′〉. We should to prove that
this representation of operator M iads in |Os′〉 coincides with (6.21) (6.22). This fact is
proved in Appendix B.
Finally, let us write AdS/CFT correspondence for bulk symmetric spin s massless
field and corresponding boundary conformal theory operator. From (7.1) we can read
the following relationship
lim
z→0
z−∆ˆ+∆0|φs′(x, z)〉 = |Os′(x)〉 , s′ = 0, 1, . . . , s , (7.5)
where ∆ˆ is a spin part of dilatation generator Dcft (6.20) while ∆0 is a canonical dimen-
sion of bulk massless field in d-dimensional AdS space-time
∆0 =
d− 2
2
.
Above we matched normalizable solutions of bulk theory equations of motion and bound-
ary conformal theory operators that have canonical conformal dimension.
The generalization of our analysis to the case non-normalizable modes is straight-
forward. In this case we are going to demonstrate that non-normalizable bulk modes
correspond to the shadow operators of boundary conformal field theory. To this end let
us write down explicitly the non-normalizable solutions to the bulk equations of motion24
|φs′(x, z)〉non−norm = √qzJ−s′− d−5
2
(qz)qs
′+ d−6
2 |O˜s′(x)〉 . (7.6)
They have the following asymptotic behavior
|φs′(x, z)〉non−norm z→0−→ z−s′− d−62 |O˜s′(x)〉 .
Now the fact that non-normalizable solution indeed corresponds to shadow operator
follows from the relation
lim
z→0
zs
′+ d−6
2 Dads|φs′〉non−norm = D˜cft|O˜s′〉 , (7.7)
where D˜cft is the dilatation operator for the shadow operator
D˜cft = x
a∂xa +
˜ˆ
∆ ,
˜ˆ
∆ = 2− αiα¯i . (7.8)
24To keep discussion from becoming unwieldy here we restrict our attention to even d. In this case
the solutions given in (7.1) and (7.6) are independent.
45
After this the remaining generators can be matched in the same manner as it was done for
normalizable modes. Relation between non normalizable solutions and shadow operators
is given by then by the formulas (7.5) where the spin operator ∆ˆ should be replaced by
the one for shadow field (7.8).
8 Conclusions
We have developed the light-cone formalism in AdS space-time. In this paper we applied
this formalism to the study of AdS/CFT correspondence. Because the formalism we
presented is algebraic in nature it allows us to treat fields with arbitrary spin on equal
footing. Comparison of this formalism with other approaches available in the literature
leads us to the conclusion that this is a very efficient formalism.
The results presented here should have a number of interesting applications and
generalizations, some of which are:
(i) generalization to AdS/CFT correspondence between arbitrary spin massive fields
and related operators at the boundary;
(ii) generalization to supersymmetry and applications to type IIB supergravity in
AdS5 × S5 background [71] and then to strings in this background;
(iii) extension of light-cone formulation of conformal field theory to the level of OPE’s
and study of light-cone form of AdS/CFT correspondence at the level of correlation
functions;
(iv) application of light-cone formalism to the study of the S-matrix along the lines
of [72]–[76];
(v) applications to interaction vertices for higher massless spin fields in AdS space-
time.
In this paper we have discussed AdS/CFT correspondence between massless arbitrary
spin fields in AdS space-time and conformal arbitrary spin operators at boundary at the
level of free equations of motion. By now it is known that to construct self-consistent
interaction of massless higher spin fields it is necessary to introduce, among other things,
a infinite chain of anti-de Sitter massless fields which consists of every spin just once [34].
This implies that to maintain AdS/CFT correspondence for such interaction equations of
motion we should also introduce an infinite chain of conformal operators at the boundary.
In this respect it would be interesting to extend the analysis of this paper to the case of
that infinite chain of interacting massless fields and corresponding conformal operators.
We strongly believe that the light-cone formalism developed in this paper will be
useful for better understanding of strings in AdS/RR-charge backgrounds.
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Appendix A Gauge invariant equations of motion
for totally symmetric fields
In order to find gauge invariant equations of motion we use the algebra of commutation
relations for operators that can be constructed by using the commuting oscillators αA
(2.13) and Lorentz covariant derivative DA. Starting with the commutator
[∂ˆA, ∂ˆB] = ΩAB
C ∂ˆC , Ω
ABC ≡ −ωABC + ωBAC , ωABC ≡ eµAωBCµ ,
where ΩABC is a contorsion tensor we get immediately the following basic commutation
relation
[DA, DB] = ΩAB
CDC +
1
2
RCEABM
CE . (A.1)
Multiplying by oscillators both sides of (A.1) and taking into account the commutators
[αA, DB] = ωB
ACαC , [α¯A, DB] = ωB
ACα¯C ,
we get the following useful commutators
[α¯D, αD] = D2A + ω
AABDB − 1
4
RCDABM
CDMAB ,
where RABCD is a Rieman tensor in tangent space
RABCD = ∂ˆCωD
AB + ωC
AEωD
EB + ωCD
EωEAB − (C ↔ D) .
Next important commutator is given by
[[α¯D, αD], αD] = 2RABα
ADB − 2RDEABαAMDEDB
+
1
4
DCR
DE
ABα
CMABM
DE +DBRCAα
AMBC , (A.2)
where RAB = R
CA
CB is a Richi tensor in tangent space. Note that in this appendix and only
in this appendix the RAB indicates the Richi tensor. In the remainder of this paper the
RAB is used as it is defined in (3.16). To derive (A.2) one can use the following useful
commutation relations
[D2A + ω
AABDB, αD] = RABα
ADB +RCDABα
BMCDDA +DCRDBα
BMCD ,
[ωAABDB, αD] = (−∂ˆBωAAC + ωAADωBDC)αBDC + 1
2
ωAABRDEBCα
CMDE .
Note that all abovemenioned commutation relations are valid for space-time of arbitrary
geometry. Due to that these relations might be useful for a number of interesting appli-
cations to gauge invariant equations of motion for totally symmetric fields propagating
in space-times of arbitrary geometry. For the case of AdS geometry the Rieman tensor
satisfies the relationships
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RABCD = −ηACηBD + ηADηBC , DERABCD = 0 .
With the above algebra of commutators at hand the derivation of the gauge invariant
equations of motion is relatively straightforward. We look for equations of motion of the
form L|Φ〉 = 0 where L is a polynomial of the second order in αD and α¯D and impose the
following conditions. i) Operator L commutes with oscillator number operator αα¯. ii) On
the space of double traceless tensor the operator L commutes with operator (α¯2)2. This
condition amount to the requirement that the equations of motion and double traceless
condition respect each other; From this requirement we learn that the operator L does
not consist of terms (α¯2)n, n > 1. iii) Operator L commutes with gauge transformation.
This implies that equations of motion should be gauge invariant. Since we use gauge
transformation of the form (3.40) we should impose the condition [L, αD]|Λ〉 = 0, where
the gauge parameter transformation |Λ〉 satisfies the traceless constraint (3.41). Making
use of commutation relation above one can make sure that the unique operator L that
satisfies these requirement is that given in (3.39).
In the rest of this appendix let us write down some important formulas we use in this
paper. In Poincare´ coordinates the Lorentz covariant derivative takes the form
DA = ∂ˆA + αzα¯A − αAα¯z .
From this we get the following useful representations
αD = α∂ˆ + αzαα¯− α2α¯z , α¯D = α¯∂ˆ + (2− d)α¯z − α¯zαα¯+ αzα¯2 ,
D2A = (∂ˆ
A − αAα¯z)2 + 2αzα¯D − αz2α¯2 + (d− 1)αzα¯z − αα¯ .
Some other commutation relations in Poincare´ coordinates are
[α¯A, αD] = ∂ˆA + αzα¯A + δAz αα¯− 2αAα¯z , [α¯A, α¯D] = δAz α¯2 − α¯zα¯A ,
[α¯A, D2] = 2δAz α¯D − 2α¯zDA + (d− 2)δAz α¯z + α¯A .
These commutation relations are useful while studying the constraints that follow from
equations of motion in the light-cone gauge.
Appendix B Various forms of realization of so(d−
2) algebra representations
Stereographic form. Here we wish to demonstrate that spin operator given in (5.29)
comes from description of so(d− 2) algebra representation in stereographic coordinates.
To this end we consider the simplest case of totally symmetric representations. Let φI1...Is
be a totally symmetric traceless tensor field which realizes irreducible representation of
so(d− 2) algebra. Introduce vector aI and consider a generating function
|φ〉 = φI1...IsaI1 . . . aIs . (B.1)
The spin operator in this representation takes the form
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M IJ = aI∂aJ − aJ∂aJ .
By definition the |φ〉 satisfies the constraints
aI∂aI |φ〉 = s|φ〉 , ∂2aI |φ〉 = 0 . (B.2)
The first constraint tells us that |φ〉 is a monomial degree s in aI while the second one
is a traceless condition. Stereographic coordinates ζ i are defined by the relations
ai = 2ζ iρ , az = (1− ζ2)ρ , (B.3)
where ρ is a scale parameter. Making use of chain rules
∂ai =
1
2ρ
∂ζi +
ζ i
1 + ζ2
(∂ρ − 1
ρ
ζ∂ζ) , ∂az =
1
1 + ζ2
(∂ρ − 1
ρ
ζ∂ζ) , ζ
2 ≡ ζ iζ i , ζ∂ζ ≡ ζ i∂ζi
one can verify that the constraints (B.2) and spin operator M IJ take the following form
ρ∂ρ|φ〉 = s|φ〉 ,
(
(1 + ζ2)∂2ζi − 4(s+
d− 5
2
)(ζ∂ζ − s)
)
|φ〉 = 0 . (B.4)
M ij = ζ i∂ζj − ζj∂ζi , Mzi = 1
2
(1− ζ2)∂ζi + ζ i(ζ∂ζ − ρ∂ρ) . (B.5)
The operator ρ∂ρ commutes with above spin operator M
IJ . Due to that in expression
for Mzi (B.5) we can replace the operator ρ∂ρ by its eigenvalue s. After this comparing
the spin operators (B.5) with the ones of group theoretic approach (5.29) we conclude
that the group theoretic approach indeed leads to the stereographic form of realization
of spin degrees of freedom. Note that by inserting (B.3) into (B.1) the expression for |φ〉
can be cast into the well known textbook form
|φ(aI)〉 = ρs
s∑
s′=0
(1 + ζ2)s−s
′
C
d−4
2
+s′
s−s′ (t)|φs′(ζ i)〉 , ζ∂ζ|φs′〉 = s′|φs′〉 , ∂2ζi |φs′〉 = 0 ,
(B.6)
where t ≡ (1− ζ2)/(1 + ζ2) and Cαk is a Gegenbauer polynom. The |φs′〉 is totally sym-
metric traceless rank s′ tensor of so(d−3) algebra. The formula (B.6) is a decomposition
of irreducible representation of so(d− 2) algebra into ones of so(d− 3) algebra.
Simple form. Here we wish to describe an form of realization of totally symmetric
so(d−2) algebra representation in terms of so(d−3) which as compared to stereographic
form does not involve special functions like Gegenbauer polynoms and which we did not
find in standard literature on this subject. This representation turns out to be more
convenient for establishing AdS/CFT correspondence. As before we focus on symmetric
field. Let φI1...Is be a totally symmetric traceless tensor field. Consider a generating
function
|φ〉 ≡ φI1...IsαI1 . . . αIs|0〉 ,
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which satisfies the constraint
αI α¯I |φ〉 = s|φ〉 , α¯I α¯I |φ〉 = 0 . (B.7)
One can consider the second constraint in (B.7) as the second order differential equation
with respect to oscillator variable αz
(α¯z2 + ω2)|φ(αz, αi)〉 = 0 , ω2 = α¯iα¯i .
Obvious solution to this equation is found to be
|φ(αz, αi)〉 = cos(ωαz)|φs(αi)〉+ sin(ωα
z)
ω
|φs−1(αi)〉 , (B.8)
where |φs〉 and |φs−1〉 rank s and s−1 traceful tensors, i.e. they are reducible representa-
tions of the so(d− 3) algebra. The solution (B.8) reflects well know fact that symmetric
traceless rank s tensor of so(d − 2) algebra can be decomposed into symmetric rank s
and s− 1 traceful tensors of so(d− 3) algebra. These tensors satisfy the constraints
αiα¯i|φs〉 = s|φs〉 , αiα¯i|φs−1〉 = (s− 1)|φs−1〉 , α¯z|φs,s−1〉 = 0 .
Straightforward calculations gives
Mzi|φ〉 = cos(ωαz)(−αi)|φs−1〉+ sin(ωα
z)
ω
(α¯i + αiω2)|φs〉 . (B.9)
Instead of the representation (B.8) we express |φ〉 in terms |φs,s−1〉 as follows
|φ〉 =

 |φs〉
|φs−1〉

 . (B.10)
Then from the (B.9) we get immediately the following representation for spin operator
Mzi on the generating function |φ〉
Mzi = σ−(α¯
i + αiα¯2j )− σ+αi , σ− ≡
(
0 0
1 0
)
, σ+ ≡
(
0 1
0 0
)
. (B.11)
The representation of M ij on |φ〉 has the usual form
M ij = αiα¯j − αjα¯i . (B.12)
For comparison with boundary theory it is convenient to exploit the following realiza-
tion of |φs,s−1〉. Decompose the reducible generating functions |φs,s−1〉 into irreducible
representations of so(d− 3) algebra
|φs〉 =
∑
s′
(−α2j )[
s−s′
2
]|φ(1)s′ 〉 , s′ = s, s− 2, s− 4, . . . , s− 2[
s
2
] , (B.13)
|φs−1〉 =
∑
s′
(−α2j )[
s−s′−1
2
]|φ(2)s′ 〉 , s′ = s− 1, s− 3, s− 5, . . . , s− 2[
s− 1
2
] , (B.14)
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(αiα¯i − s′)|φ(1,2)s′ 〉 = α¯2i |φ(1,2)s′ 〉 = 0. In this basis defining the action Mzi on |φ(1,2)s′ 〉 with
the relation
Mzi|φ〉 =


∑
s′(−α2j )[
s−s′
2
]Mzi|φ(1)s′ 〉∑
s′(−α2j )[
s−s′−1
2
]Mzi|φ(2)s′ 〉


we get
Mzi|φ(1)s′ 〉 = −(αi −
α2j α¯
i
2s′ + d− 7)|φ
(2)
s′−1〉+
α¯i
2s′ + d− 3 |φ
(2)
s′+1〉 , (B.15)
Mzi|φ(2)s′ 〉 = −a(s, s′)(αi −
α2j α¯
i
2s′ + d− 7)|φ
(1)
s′−1〉+ a(s, s′ + 1)
α¯i
2s′ + d− 3 |φ
(1)
s′+1〉 . (B.16)
Evaluation of action of operator M i. Here by using above simple form of realization
of so(d− 2) algebra representation we evaluate the action of operator
M i ≡Mzi∂z + 1
2z
{Mzj ,M ji} (B.17)
on the space of solution given in (7.1). We use representation for spin operator M IJ
given in (B.11), (B.12). For this representation we derive in a straightforward way
{Mzj ,M ji} = σ+
(
αi(2αjα¯j + d− 4)− 2α2j α¯i
)
+σ−
(
α¯i(M2jk + 2(αjα¯j)
2 + 2(d− 4)αjα¯j + d− 6)− αi(d+ 2 + 2αjα¯j)α¯2k
)
.
By acting with this on |φ〉 given in (B.10) and using the decompositions (B.13), (B.14)
we get the action of operator {Mzj ,M ji} on |φ(1,2)s′ 〉
{Mzj,M ji}|φ(1)s′ 〉 = (2s′ + d− 6)(αi −
α2j α¯
i
2s′ + d− 7)|φ
(2)
s′−1〉+
2s′ + d− 4
2s′ + d− 3 α¯
i|φ(2)s′+1〉 ,
{Mzj,M ji}|φ(2)s′ 〉 = (2s′ + d− 6)a(s, s′)(αi −
α2j α¯
i
2s′ + d− 7)|φ
(1)
s′−1〉
+a(s, s′ + 1)
2s′ + d− 4
2s′ + d− 3α¯
i|φ(1)s′+1〉 ,
Now we (i) combine these relations with (B.15), (B.16) and find action of operator M i
(B.17) on |φ(1,2)s′ 〉; (ii) use solutions of equations of motion for |φs′〉 given in (7.1); (iii)
exploit the following relationships for Bessel functions
(−∂z + 2s
′ + d− 6
2z
)
√
zJs′+ d−7
2
(z) = (∂z +
2s′ + d− 4
2z
)
√
zJs′+ d−3
2
(z) =
√
zJs′+ d−5
2
(z)
After this we get that the action of M i on boundary values |O(1,2)s′ 〉 coincides with the
action of M icft given in (6.21), (6.22).
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Appendix C Transformation of conformal theory
generators to light-cone form
In this appendix we describe transformations that take the generators given in (6.5)-
(6.8) to the those of light-cone form given in (6.12)-(6.18). Again we start our analysis
with kinematical generators (2.8). First we consider the generators J+i and J+−. The
original J+i and J+− acting on |Ocov〉 are defined by (6.6). Taking into account (6.10)
it is straightforward to see that the generators J+i and J+− in |O〉′ basis take the form
J+i = x+∂i − xi∂+ − αiα¯+ , J+− = x+∂− − x−∂+ − α−α¯+ . (C.1)
Our first step is to find the transformation that cancels out the oscillator terms in the
generator J+i. This is achieved by the following transformation
|O〉′ = exp(αiα¯+ ∂
i
∂+
)|O〉′′ (C.2)
In |O〉′′ basis the generator J+i takes desired form given in (6.13) while the generator
J+− is not changed (see (C.1)). Because of relations (6.10) and (C.2) the original |Ocov〉
and |O〉′′ are related as follows
|Ocov〉 = exp(−α
+
∂+
(α¯+∂− + α¯i∂i)) exp(αiα¯+
∂i
∂+
)|O〉′′ .
Taking into account the formula
eα
iXieα¯
iY i = eα
iXi+α¯iY i− 1
2
XiY i ,
this can be rewritten as
|Ocov〉 = e−Γ|O〉′′ , Γ = α
+α¯+
2∂+2
✷+M+i
∂i
∂+
.
In order to cancel oscillator term in expression for J+− (C.1) we make the transformation
|O〉′′ = (−∂+)α−α¯+ |O〉′′′ .
The original operator |Ocov〉 (6.2) takes then the form
|Ocov〉 = e−Γ(−∂+)α−α¯+ |O〉′′′
Thus in |O〉′′′ basis the generators J+i and J+− take the desired form given in (6.13) and
(6.14). Let us now consider the remaining kinematical generator K+. In |O〉′′′ basis this
generator takes the following form
K+ = K+0 + (∆− α−α¯+)x+ +
1
2
∂+α2i α¯
+2 , K+0 ≡ −
1
2
x2i ∂
+ + x+(x+∂− + xi∂i) .
Note that in |O〉′′′ basis the traceless condition (6.3) takes the following form
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(α¯2i − ✷α¯+2)|O〉′′′ = 0 .
Before to proceed we wish to transform this traceless condition to the form that does
not consist of ✷. To this end we introduce |O〉iv basis
|O〉′′′ = √✷ (−α−α¯+)|O〉iv .
In the |O〉iv basis the traceless condition takes desired form
(α¯2i − α¯+2)|O〉iv = 0 ,
while the generators K+, J−i take the form
K+ = K+0 +∆x
+ +
∂+
2✷
(s(s+ d− 5) + 1
2
M2ij) , (C.3)
J−i = x−∂i − xi∂− +M ij ∂
j
∂+
− 1
∂+
M i , (C.4)
where the operator M ij is given in (B.12), while the operator M i is given by
M i ≡ √✷(α−α¯i + αiα¯+) .
In deriving of (C.3) the value of ∆ given in (6.1) should be used. Finally we are going to
choose a basis in which the spin operator M i and the generator K+ take the form given
in (6.21),(6.22) and (6.16). To this end we use the following decomposition of operator
|O〉iv
|O〉iv =

 |O(1)s 〉iv
|O(2)s−1〉iv

 , (C.5)
where |O(1)s 〉iv and |O(2)s−1〉iv are traceful rank s and s− 1 tensors of so(d− 3) algebra. In
such basis for |O〉iv the operator M i takes the form
M i =
√
✷
(
(α¯i + αiα¯2j )σ− + α
iσ+
)
. (C.6)
Decomposing |O(1,2)s,s−1〉iv into irreducible components we have
|O(1)s 〉iv =
∑
s′
(α2j )
[ s−s
′
2
]|O(1)s′ 〉iv , |O(2)s−1〉iv =
∑
s′
(α2j )
[ s−s
′
−1
2
]|O(2)s′ 〉iv ,
where s′ takes values given in (B.13) and (B.14) respectively. Inserting these expressions
into (C.5) and by applying M i (C.6) to (C.5) we get the following representation of M i
on |O(1,2)s′ 〉iv
✷
−1/2M i|O(1)s′ 〉iv = (αi −
α2j α¯
i
2s′ + d− 7)|O
(2)
s′−1〉iv +
1
2s′ + d− 3 α¯
i|O(2)s′+1〉iv , (C.7)
✷
−1/2M i|O(2)s′ 〉iv = a(s, s′)(αi −
α2j α¯
i
2s′ + d− 7)|O
(1)
s′−1〉iv +
a(s, s′ + 1)
2s′ + d− 3 α¯
i|O(1)s′+1〉iv . (C.8)
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Then the final basis |O(1,2)s′ 〉iv in which the operator M i and the generator K+ take
desired form given in (6.21), (6.22), (6.16) is found to be
|O(1,2)s′ 〉iv =
√
✷
(s−αiα¯i)|O(1,2)s′ 〉 . (C.9)
Now let us discuss the representation of conformal algebra generators in the space
of shadow operators. To this end it turns out to be convenient to start with the form
of generators given in |O〉iv basis (see (C.3),(C.4)). First of all taking into account the
relationship (6.1) the generator K+ (C.3) can be rewritten as
K+ = K0 +∆x
+ +
∂+
2✷
((∆− 2)(∆ + 3− d) + 1
2
M2ij) . (C.10)
Then because of relations
(∆− 2)(∆ + 3− d) = (∆˜− 2)(∆˜ + 3− d) , (K+0 )† = −K+0 − (d− 1)x+ ,
where ∆˜ is a conformal dimension of shadow operator ∆˜ = 2− s we get
(K+)† = −K˜+ , K˜+ ≡ K+0 + ∆˜x+ +
∂+
2✷
((∆˜− 2)(∆˜ + 3− d) + 1
2
M2ij) .
From these expressions it is seen that the new generator K˜+ is obtainable fromK+ (C.10)
by making there the substitution ∆→ ∆˜. This suggests that K˜+ gives rise representation
in the space of shadow operator |O˜〉. Additional support to this suggestion is that the
following scalar product ∫
dd−1x〈O˜(x)||O(x)〉
is invariant of conformal algebra transformations provided the O˜ is transformed by K˜+.
By introducing new basis similar to (C.5), (C.9) one finds the representation of conformal
algebra generators in space of shadow operator. These generators can be obtained from
(6.12)-(6.16) making there the substitution ∆ˆ → ˜ˆ∆. Note that for the case of shadow
operator the expression s− αiα¯i in r.h.s. of (C.9) should be replaced by αiα¯i − s .
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